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Abstract

Suppose you don’t know the price elasticity of demand but need some value. The rule
of % states that the elasticity is equal to -’. This presentation

(i) highlights the precise conditions under which the rule holds,
(ii) indicates its practical importance, and
(iii) points to related results on simplifications of demand elasticities.

When nothing much is known about the elasticity, -% is likely to be a good starting
point for certain types of goods.

*This is mostly based on the book by K. W. Clements, H. Liu, J. M. Mariano, E. A. Selvanathan, S.
Selvanathan and G. Verikios (2025), Short-cut demand elasticities and other convenient approaches to
consumer demand (Springer). In addition to my co-authors of the book, for helpful comments and
support, | also thank Simon Chang, Shawn Xiaoguang Chen, Tom Hertel, Haiyan Liu, Anda Nugroho and
seminar participants at UWA.




Booze consumption

Price elasticities of demand, imported booze, USA:

Product
Tequila
Whiskey
Vodka
Liqueurs
Brandy
Other

Source: A.

Tequila
—0.54 (0.06)***
—0.12 (0.04)***
—0.36 (0.07)***
—0.27 (0.06)***

0.05 (0.05)
0.07 (0.05)

Whiskey
—0.20 (0.06)***
—0.41 (0.08)***
—0.24 (0.09)***
—0.38 (0.09)***
—0.30 (0.07)***

—0.04 (0.07)

Vodka
—0.32 (0.06)***
—0.11 (0.05)**
—0.63 (0.12)***

—0.10 (0.08)
—=0.39 (0.08)***
0.05 (0.07)

Liqueurs

—0.14 (0.04)***
—0.13 (0.04)%**
—0.05 (0.06)
—0.73 (0.09)%**
—0.09 (0.05)*
~0.04 (0.05)

Brandy
0.18 (0.06)***
—0.09 (0.05)**
—0.29 (0.08)***
—0.04 (0.07)
—0.71 (0.09)***
0.03 (0.06)

Other
0.05 (0.03)**
0.00 (0.02)
0.02 (0.04)
—0.05 (0.03)
—0.03 (0.03)

—1.02 (0.05)***

Muhammad (2025). “Trump Tariffs 2.0: Assessing the Impacts on US Distilled Spirits Imports.” Agribusiness, 1-7



Product
Tequila
Whiskey
Vodka

Liqueurs

Brandy

Other

Own-price elasticities around - %

Tequila
—0.54 (0.06)***
—0.12 (0.04)***
—0.36 (0.07)***
—0.27 (0.06)***

0.05 (0.05)
0.07 (0.05)

Whiskey
—0.20 (0.06)***
—0.41 (0.08)***
—0.24 (0.09)***
—0.38 (0.09)***
—0.30 (0.07)***

—0.04 (0.07)

Vodka
—0.32 (0.06)***
—0.11 (0.05)**
—0.63 (0.12)**

—0.10 (0.08)
—0.39 (0.08)***
0.05 (0.07)

Liqueurs
—0.14 (0.04)***
—0.13 (0.04)***

—0.05 (0.06)
—0.73 (0.09)***
—0.09 (0.05)*
—0.04 (0.05)

Brandy
0.18 (0.06)***
—0.09 (0.05)**
—0.29 (0.08)***
—0.04 (0.07)
—0.71 (0.09)***

0.03 (0.06)

Other

0.05 (0.03)**
0.00 (0.02)
0.02 (0.04)

—0.05 (0.03)

—0.03 (0.03)

—1.02 (0.05)***




Product

Tequila

Whiskey

Vodka

Liqueurs

Small cross-price elasticities

Brandy

Other

—0.54 (0.06)***

Tequila
Whiskey
Vodka

Liqueurs

Brandy
Other

—0.12 (0.04)***

—0.36 (0.07)***

—0.27 (0.06)***
0.05 (0.05)
0.07 (0.05)

—0.20 (0.06)***
—0.41 (0.08)***
—0.24 (0.09)***
—0.38 (0.09)***
—0.30 (0.07)***
—0.04 (0.07)

—0.32 (0.06)***
—0.11 (0.05)**
—0.63 (0.12)***
—0.10 (0.08)
—0.39 (0.08)***
0.05 (0.07)

—0.14 (0.04)***
—0.13 (0.04)***
—0.05 (0.06)
—0.73 (0.09)%**
—0.09 (0.05)*
—0.04 (0.05)

0.18 (0.06)***
—0.09 (0.05)**
—0.29 (0.08)***
—0.04 (0.07)
—0.71 (0.09)***
0.03 (0.06)

0.05 (0.03)**
0.00 (0.02)
0.02 (0.04)

—0.05 (0.03)

—0.03 (0.03)

—1.02 (0.05)***




Product

Tequila

Trouble-makers

Whiskey

Vodka

Liqueurs

Brandy

Other

—0.54 (0.06)***

Tequila
Whiskey
Vodka

Liqueurs

Brandy

Other

—0.12 (0.04)***

—0.36 (0.07)***

—0.27 (0.06)***
0.05 (0.05)
0.07 (0.05)

~0.20 (0.06)***
—0.41 (0.08)***
~0.24 (0.09)***
—0.38 (0.09)***
—0.30 (0.07)***
—0.04 (0.07)

~0.32 (0.06)***
~0.11 (0.05)**
—0.63 (0.12)***
—0.10 (0.08)
—0.39 (0.08)***
0.05 (0.07)

~0.14 (0.04)***
~0.13 (0.04)***
~0.05 (0.06)
—0.73 (0.09)***
—0.09 (0.05)*
—0.04 (0.05)

0.18 (0.06)***
~0.09 (0.05)**
~0.29 (0.08)***
—0.04 (0.07)
—0.71 (0.09)***
0.03 (0.06)

0.05 (0.03)**
0.00 (0.02)
0.02 (0.04)

—0.05 (0.03)

—0.03 (0.03)

—1.02 (0.05)***




Simplifications in 3 steps

Simplification I: Two groups

B 1t T, et et VT D 1. el
Product Tequila Whiskey Vodka | Ligqueurs Brandy Other

Tequila
Whiskey
Vodka
Liqueurs
Brandy
Other

————— e e e




Product
Tequila
Whiskey

Liqueurs
Brandy
Other

Simplification I: Two groups

Tequila Whiskey

Vodka | Ligueurs Brandy

|
|
|
|
|
|
|
1
T
|
|
|
|
|
|
|

Step Il

Other

Product
Tequila
Whiskey

Liqueurs
Brandy
Other

Simplification II: First group = -4z X §;;

Tequila

Whiskey
0

Vodka | Liqueurs Brandy
1
0

Other




Step Il

Simplification I: Two groups Simplification II: First group = -4z X §;;
Product Tequila Whiskey Vodka | Liqueurs Brandy Other Product Tequila Whiskey Vodka | Liqueurs Brandy Other
Tequila e
Whiskey

Tequila —14 0 0
Whiskey

Liqueurs
Brandy
Other

Liqueurs
Brandy
Other

e e ] e e e e

Simplification IIl: Zero off-diagonals

_—
Product Tequila Whiskey Vodka | Ligueurs Brandy Other

|
|
|
|
|
|
|
|
|
=
|
|
|
|
|
|
|

Tequila -1
Whiskey 0

Liqueurs
Brandy
Other




Trouble-makers undisturbed

Simplification I: Two groups Simplification II: First group = -2 X §;;

Tequila Whiskey Vodka : Liqueurs Brandy Other Tequila Whiskey Vodka : Ligueurs Brandy Other

-%

Simplification ITT: Zero off-diagonals Second group, trouble-makers remain
Product Tequila Whiskey Vodka : Ligqueurs Brandy Other Product Tequila Whiskey Vodka ! Liqueurs Brandy Other
Tequila l 0 0 Tequila l 0 0 0
Whiskey 0 0 Whiskey 0 0 0
0 0 0




Payoff from simplification

Own-price elasticities = -% for first group
Cross-price elasticities = 0 within first group and between 2 groups
Not ok for second group

6 X 6 = 36 elasticities reducedto 1 + (3 x 3) = 10

Substantial simplification

10



Rule of 2
Price elasticities = -1

Demands for n commodities:

n
logq; =n;logQ +

Jj=1

Under rule of % this simplifies to

1 .
logqi znilOgQ_Elogpi, l:l’...

* n? price elasticities reduced to 1

*|Big claim!

Useful?

e When not much is known

* Reduces dimensionality of large models

nijlogp;, (=1,

N

N

11



Utility and demands

n
u=u(qy, ", qn), z piq; = M
i=1

q; = qi(M,p1, -, Pn), i=1,,n

dq; _ aq; 5 .aCIi

op, op; YoM
== I
it

e A .aqi.aqj
 0A/OM O0M oM
General SE

[ui] = [ 0%u l_l (n X n matrix)



More familiar elasticity form

- : : .. 0q; Pj
Compensated elasticity of good i w.r.t. price of j is n;fj = a—zlq—’
j qi
From
aq;=ﬂ.uij— A .aqi.aqj
op;j oA/dM oM oM’
to

nij = Fij — ¢nyw;n;

| | . dlog q;
F;; = Frisch price elasticity (%‘ )
Jdda=0

-1

¢ = (g::gg;) inverse of income elasticity of A (“income flexibility”)
dlogq; » .
n; = dlog M income elasticity of good i

wj = % budget share of good j

13



Preference independence

n

u(qq, -+, qn) = 2 u;(q;), u;(-) = i" subutility function
i=1

Broad aggregates — food, clothing, housing, etc.
Basic wants — sustenance, warmth, shelter
Under preference independence, no utility interactions u¥ = Fi; =0,i # j,and
nij = Fij — ¢nw;m;
becomes
0l = {¢77i :ngn.iw'in.i: L=
niwinj, 1L #j

As pn;win; = 0,

Ni = $N;, i=1,--,n, "Pigou’s law"

14



Three (very) different economists
What'’s the link?

Arthur Pigou Milton Friedman Henry Schultz
1877-1959 1912-2006 1893-1938

15



Early contributors to
preference independence

* Pigou (1910). “A method of determining the —

numerical value of the elasticities of THE
) . [IROMICS
demand.” Economic Journal o

THE ECONOMICS
OF WELFARE

16



Early contributors to
preference independence

* Pigou (1910). “A method of determining the
numerical value of the elasticities of
demand.” Economic Journal

* Friedman (1935). “Professor Pigou’s method oy ATheory
for measuring elasticities of demand from E | of the
budgetary data.” Quarterly Journal of e & Consumption
Economics '

Function

17



Early contributors to
preference independence

* Pigou (1910). “A method of determining the
numerical value of the elasticities of
demand.” Economic Journal

* Friedman (1935). “Professor Pigou’s method
for measuring elasticities of demand from
budgetary data.” Quarterly Journal of
Economics

* Schultz (1938). The theory and measurement

of demand. University of Chicago Press.

THE THEORY
AND MEASUREMENT OF
DEMAND

By HENRY SCHULTZ

THE UNIVERSITY OF CHICAGO PRESS
CHICAGO - ILLINOIS
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Pigou’s law,
price and income elasticities linked

N = N, i=1,-,n

Price elasticities are proportional to income elasticities
Luxuries are more price elastic than necessities
Puzzling? Income and price elasticities deal with different dimensions of the good

Common usage of language:
Salt — essential (few substitutes) and viewed as a necessity (low income elasticity)

Foreign vacation -- not essential and not a necessity

19



Elasticity = 75
in two more steps

To go from

Ny ~ én; to n; =~ —%
need two steps:

Step 1: Income flexibility d = —%
Evidence that ¢ = —%:

(i) Time-series estimates
(i) Cross-commodity estimates
(iii) The previous literature
Still some controversy, however
More later

Step 2: n; =1

Basedon), -, w;n; =1

20



Summary of rule of %%

1. Preference independence

2. Neglect general substitution effect
3. Income flexibility ¢ = —%

|

4. Income elasticity n;

Strong conditions

* Prior rejections of preference independence
* Small-sample biases with usual asymptotic tests
* Pigou’s law criticised by Deaton (1974)

e Saroja Selvanathan (1993) unable to reject Pigou for 15 out of 18 OECD countries

21



Three sources of ¢-values

1. Time-series, multiple countries
2. Cross-commodity regressions

3. Prior studies/surveys

22



Source 1 of ¢-values
Time-series evidence

Rotterdam model fort = 2,---, T periods:
Coefficients

z
/

n
wie Alog q; = 6; Alog Q¢ +27Tij Alogpjs, i=1,-,n
ad 4 S \\

Average w; Log—change of q;; Log-change of pj;
n

Divisia index of income, Alog Q; = z wjtAlog q
=i

Preference independence version: n
Frisch price index, Alog P} = z 60; Alogp;,
=

1
wie Alog q;r = 8; Alog Q¢ + ¢6; (Alog p;; — Alog Py)
/ \ Own relative price
/ )\

Income flexibility Marginal share

23



Preference independent Rotterdam

n
w;;: Alog g = 0; Alog Q; + ¢8;(Alogp;; — Alog P)), Alog P} = Z 6; Alogpj,

Income and own-price elasticities:
0;

nf:qbei_qbe?
oWy Wy

L]

Total SE = Specific SE + General SE

j=1

24



Preference independent Rotterdam

n
Wi Alog q; = 0; Alog Q¢ + ¢p8;(Alogp; — Alog P),  AlogP = Z 6; Alogpjq
j=1
Income and own-price elasticities:
oL . 90 86
oWy Y Wi Wy

0(piq;)
[ hare: 6; = )
Marginal share i /QM
Income M = )"}

n;=¢n;, i=1,--,n

Price elasticities proportional to income elasticities, Pigou’s law

25



Estimating ¢

Preference-independent Rotterdam:

wie Alog q; = 6; Alog Q¢ + p0;(Alogp;, — AlogPy),  i=1,-,n

/

4
¢ = constant coefficient (income flexibility)

Estimate with time-series data for 37 OECD countries separately with n = 9 goods

Obtain (’p\l, e, (ﬁ37

26



Time-series estimates of
income flexibility ¢

37 ¢-estimates, one for each of 37
OECD countries

Some dispersion but not too far
from -%

27



Source 2 of ¢-values
Cross-commodity regressions

* Preference independence version of Rotterdam:

w; Alog q;r = 0; Alog Q¢ + ¢0;(Alogp;y — AlogP;), i=1,-,n

7 ,
¢ common to each equation

e Define
Vit = Wi Alog q;; — 6; Alog Q;, xit = 0;(Alogp; — Alog Py)

* When 6; known, estimate cross-commodity regression for each t:

Vit =+ rxie, 1=1,-++,9

~

to give ¢31, e, 7

28



Cross-commodity estimates of ¢, Cross-commodity estimates of ¢,
37 countries, each year 176 ICP countries, each pair

Centre of gravity not too far from
-¥%, but note dispersion

29



Source 3 of ¢-values
Previous studies

Prior studies/surveys

Mostly centred around -%

But still not completely settled

Details in Appendix

30



Uncertainty of ¢

All three sources suggest ¢-estimates centred around —%

* Some genuine uncertainty, however

e Why?
dlogA =14 . . .. - .
P = ( ) , involves third-order derivative utility function:
dlogM
First-order -- MU of income, 1 = e (u; = indirect utility function)
oM I
1 0 log (%)
Second-order -- Income elasticity of 4, — = ———2M~
¢ d log M

5 1 o (a10g (530)
Third-order -- Change in elasticity, 7= (g) ~ 9 logM{ d logflj‘/llw }

* |Higher-order effects difficult to pin down

31



1.

2.

Possible objections

Rule of %2

77;- ~ —) based on unity income elasticities

No necessities, no luxuries

No Engel’s law

Preference independence

Unlikely for micro goods

32



Objection 1:
No necessities, no luxuries

Food Food and income, ICP 2015

Engel’s law share (>100)

* Food share falls with income

* Strong empirical regularity

* Food is a necessity, income inelastic, n; < 1
Rule of %

* n;; = —Ybasedonn; =1

Income
300 600 1,200 2,400 4,800 9,600 19200 38,400 ($pe)

*| Violates Engel’s law

* Cobb-Douglas utility, u(qy, -, g,) = Xiz, Bi logg;
* Goods all neutral

* Constant budget shares

| That’s bad

33



Response 1.
Allowing for necessities & luxuries

Income elasticities
* From the budget constraint

n
z win; =1
im1

e Ifn; <1, i =food, then some othern; > 1
Non-homotheticity
* Replace

*

1 ) 1
M & —5 with 7y =~ —-n;

> —, if n; > 1,luxury
Inzil = 5

< -, if 1; < 1, necessity

N[, DN =

\

* Luxuries more price elastic than necessities
* Pigou’s law



Objection 2:
Micro goods not preference independent

Food, clothing house — broad
aggregates

Little substitutability

Preference independent probably ok
n

u(ql' R CIn) = Z ui(qi)

=1

But not for more micro products such
as

—Individual food items
—Individual brands of same good

35



Response 2:
Aggregate micro goods into groups

* Divide the n micro goods into G < n groups of goods, 41, ", q¢

G
u(qq, +,q,) = Z Ug (qg), u4(+) = subutility function for group g
g=1
* Preference independence applied to groups. A.k.a. block-independent preferences

 Under block independence,

ni; = ¢n;, i=1,-,n, becomes Ngg ~ qug, g=1,-,G

Here,
Ngg = 2 €S, 2 esg@nij = price elasticity of g (Wg =) s, Wi S, = goods in set g)

Ny, =2 Esg%m = income elasticity of g

* |Groupwise version of previous results

36



Direct evidence

* So much for theory and indirect evidence

* What about actual price elasticities?

1
e Are they = _E?

37



Cigarettes

Price elasticities,
broad aggregates

38



Sources of elasticities

Beer, wine and spirits

Clements, Mariano, Verikios and Wong (2022). “How Elastic is Alcohol Consumption?” Economic Analysis
and Policy

Elder, Lawrence, Ferguson, Naimi, Brewer, Chattopadhyay, Toomey and Fielding (2010). “The
Effectiveness of Tax Policy Interventions for Reducing Excessive Alcohol Consumption and

Related Harms.” American Journal of Preventive Medicine

Fogarty (2010). “The Demand for Beer, Wine and Spirits: A Survey of the Literature.” Journal of Economic
Surveys

Gallet (2007). “The Demand for Alcohol: A Meta-Analysis of Elasticities.” Australian Journal of Agricultural
and Resource Economics

Nelson (2013a). “Robust Demand Elasticities for Wine and Distilled Spirits: Meta-Analysis with Corrections
for Outliers and Publication Bias.” Journal of Wine Economics

Nelson (2013b). “Meta-Analysis of Alcohol Price and Income Elasticities — with Corrections for Publication
Bias.” Health Economics Review

Nelson (2014). “Estimating the Price Elasticity of Beer: Meta-Analysis of Data with Heterogeneity,
Dependence, and Publication Bias.” Journal of Health Economics

Selvanathan and Selvanathan (2005). The Demand for Alcohol, Tobacco and Marijuana: International

Evidence
Sornpaisarn, Shield, Cohen, Schwartz and Rehm (2013). “Elasticity of Alcohol Consumption, Alcohol-
Related Harms, and Drinking Initiation in Low- and Middle-Income Countries: A Systematic
Review and Meta-Analysis.” International Journal of Alcohol and Drug Research
Wagenaar, Salois and Komro (2009). “Effects of Beverage Alcohol Price and Tax Levels on Drinking: A
Meta-Analysis of 1003 Estimates from 112 Studies.” Addiction

Water

Dalhuisen, Florax, de Groot, and Nijkamp (2003). “Price and Income Elasticities of Residential Water

Demand: A Meta-Analysis.” Land Economics

Espey, Espey and Shaw (1997). “Price Elasticity of Residential Demand for Water: A Meta-Analysis.” Water

Resources Research
Cigarettes
Gallet and List (2003). “Cigarette Demand: A Meta-Analysis of Elasticities.” Health Economics

Petrol

Espey (1996). “Explaining the Variation in Elasticity Estimates of Gasoline Demand in the United States: A

Meta-Analysis.” Energy Journal
Espey (1998). “Gasoline Demand Revisited: An International Meta-Analysis of Elasticities.” Energy

Economics

Goodwin, Dargay and Hanly (2004). “Elasticities of Road Traffic and Fuel Consumption with Respect to
Price and Income: A Review.” Transport Reviews

Graham and Glaister (2002). “Review of Income and Price Elasticities of Demand for Road Traffic.”

Working Paper, Imperial College

Electricity

Espey and Espey (2004). “Turning on the Lights: A Meta-Analysis of Residential Electricity Demand

Elasticities.” Journal of Agricultural and Applied Economics
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Micro products more elastic

Cigarettes
Water
Electricity

Wine

Spirits

Branded Products

Source: Tellis (1988). “The Price Elasticity of Selected Demand: A Meta-analysis of Econometric Models of Sales.”
Journal of Marketing Research 40




Wrap up, rule of %

Idiot’s law of elasticities (Dawkins, Srinivasan and Whalley, 2001)

“All elasticities are 1 until someone shows them to be otherwise, or ‘coffee-table
elasticities” where informal discussions and opinions around the coffee table
determine whether a value of, say, 2 or 2 is chosen.”

% has more than a coffee-table, let alone an idiot’s, pedigree

Qualifications to rule %:

(i) Applicable to broad aggregates only

(ii) 2 a guideline, not a law

(iii) Based on approximations

“Approximations are the soul of science” (von Neumann)

41



Linear expenditure system

n n
piqi = piYi + bi M_zpjyj , i=1-,n M =zpiQi
j:l =1

Beautifully simple model

1. Linear in variables. Mildly nonlinear in parameters
2. Clear interpretation

3. Parsimony of parameters, n marginal shares, (4, :*, B, and n subsistence
parameters, ¥1,***, ¥n

4. Consistent with Stone-Geary utility maximisation

u(qy, -+, qn) = Xieq Bilog(g; — v:)

42



Under-appreciated problem:
LES and food

LES Engel curve
piq; = a; + BiM,
a; = 2};1(5”- —,Bi) p;j¥j, 0i;= Kronecker, f; = marginal share (a constant!)

_ Bi

Income elasticity: n; = " dlogn; = —d logw;
l
log NF Rich — log NE Poor = _(log WF Rich — log WF,Poor)
n ' — NEPoor
Qe (WF,Rich/WF,Poor)

Numerical example:

WE poor = 50%

H-'I!_'. Rich = l{.]D.f'f'l




Under-appreciated problem:
LES and food

LES Engel curve

piq; = a; + BiM,

a; = 2};1(5”- —,Bi) p;j¥j, 0i;= Kronecker, f; = marginal share (a constant!)

_ Bi

Income elasticity: n; = " dlogn; = —d logw;
l
log NF Rich — log NE Poor = _(log WFE Rich — log WF,Poor)
n : — NEPoor
Qe (WF,Rich/WF,Poor)

Numerical example:

NF.poor = 0.3

NE Rich

NE poor

WF Rich — 10% ("*‘FF,Ri.ch./ "“’F.Poor)

Food luxury for rich!

44



Warning
LES income elasticities

LES income elasticity: n; = %
l

dlogn; = —dlogw; = —(n; —1) dlogM

dlogm; <0 if n; >1, luxury

{> 0 if n; <1, necessity

Income elasticities inversely proportional to budget shares

Problematic for food when there are large changes in income

Villain: Constant marginal shares, (5;’s

Warning applies to Rotterdam as well as LES

More on LES in Appendix
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One solution:
Piecewise LES

* Piecewise linear approximation to underlying nonlinear Engel curves
» Estimate LES for each income quintile separately

e Data: Australian Household Expenditure Survey 2015-16. Representative sample of

10,000 households
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Food and income
quintile LES, Australia HES

47



Food and income
quintile LES, Australia HES

B.MARGINAL SHARES
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Food and income
quintile LES, Australia HES

B AMARGINAL SHAFES

C. INCOAE ELASTICITIES
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Food and income
quintile LES, Australia HES

A. BUDGET SHARES

Observed

Income

C.INCOME ELASTICITIES

Income
—@— Disaggregated ---@-- Aggregated

Expenditure

B. MARGINAL SHARES

—e— Disaggregated  ---@--- Aggregated

D. ENGEL CURVE

Slope = By )

Income
20,000 40,000 000 80,000 100,000
—8— Disaggregated @+ Aggregated
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CGE applications

1. Multiple consumers with piecewise LES
2. Estimate o for intermediate inputs

3. Estimate CES demand for foreign and domestic varieties

Substantial impact on results compared to standard default values

Details in our book
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Thanks for your attention
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Appendix

This contains elaborations of the material in the main slides and some further
results. Optional reading!
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Glossary and key results, demand analysis and %

Symbol/Result Meaning
q; Quantity consumed of good i, i = 1, ...,n
Di Price of good i
u(qq, -, qn) Utility function
du
Marginal utility of good i
a4g;
n
Z piqi =M Budget constraint where M is income
i=1
w; = p;j i Budget share of i
dlog q;
i=3 loilcll/; Income elasticity of i
5 dlogg; Uncompensated elasticity of demand for i with respect to price of j, i,j = 1, ..., n. Money
Y 0logp; income held constant.

nij = Mij + w;n;

Compensated elasticity of demand for i with respect to price of j, i,j = 1, ..., n. Real
income held constant.

A=

Marginal utility of income with u;(M, p) indirect utility function

qi.=qiM,py1,, Pn)

Demand function for i

_ (2log2\™" _
¢= dlogM

Income flexibility, the reciprocal of the income elasticity of the marginal utility of income

nij = ¢on:(8i; — wim;) — mw;

Uncompensated elasticity of demand for i with respect to price of j. Holds under

: : ... 0(0u/dq; .
independent marginal utilities, % =0,i#j.
J
* ~ b, As an approximation, compensated own-price elasticity (1;;) a multiple ¢ of
Mii i corresponding income elasticity. Holds under independent marginal utilities.
n

w(qq, -, qn) = Z u;(q;)

i=1

Preference independent utility function with u; () the sub-utility function i depending on
consumption of good i only




Symbol/Equation

n
piqi =pivi+Bi| M — ZP;‘Y;‘
=

PiYi

9(piqi)
Fi="ou

n
M- ij)/j
Jj=1

Glossary and key results, LES

Meaning/Name Constraints

A. Notation

Quantity consumed of good i, i =1, ...,n

Price of good i

Total expenditure, “income” for short

Budget share of j

Expenditure System

LES,i =1, ...,n

Cost of subsistence of j pivi <Diq;

Marginal share of i

Bi > Oiﬁi =1
i=1

n
j=1

(Continued next page)

Supernumerary income
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Glossary and key results, LES (cont’d)

Symbol/Equation Meaning/Name Constraints

C. Demand elasticities

=— Income elasticity of i

Uncompensated elasticity of demand for i

_ dlogg; s Si " _&S' with respect to price of j, i,j = 1, .
- J with s; = pm the subsistence share of/

Money i mcome constant Homogeneity

n
o —
S
j=1

Homogeneity
Wil = WiT);;
Slutsky symmetry

. _Ologg o (s . &(w —s) (i, /)" compensated price elasticity. Real
ij I income constant

D. Uncompensated price elasticities with positive gammas

na =" py—1

Nii Uncompensated own-price elasticity piqi
—1 <n; <0, price inelastic

NijsLFJ Uncompensated cross-price elasticity

i, j gross complements

(Continued next page)
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Glossary and key results, LES (cont’d)

Symbol/Equation

Meaning/Name Constraints

E. Compensated price elasticities with positive gammas

*
Nii

n;j'iij

n
u(qy,*, qn) = z Bilog(q; —vi)
i=1

1

P —
M= pivYi

dlogA M
w = e
dlogM M- YDV

Compensated own-price elasticity

Compensated cross-price elasticity

Stone-Geary utility

Marginal utility of income

Frisch parameter -- income
elasticity of marginal utility of
income

N = N + Bi
M >Ny < —1
n;; not unambiguously < -1
. _ i
Ny =Mij + ;iwj
nij > Mg >0

i, j net substitutes

n
0<pB < 1:2,81‘ =1,y;<q;
=1
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Measurement of income flexibility ¢

The starting point on the measurement of the income flexibility is Frisch’s (1959)
famous conjecture regarding its inverse, the income elasticity of the marginal utility,

1 : : : : :
w = 3’ known as the Frisch parameter. Quoting Frisch, the conjecture is:

We may, perhaps, assume that in most cases the [Frisch parameter] has values of the
order of magnitude given below.

w = —10 for the extremely poor and apathetic part of the population.

w = —4 for the slightly better off but still poor part of the population with a fairly
pronounced desire to become better off.

w = —2 for the middle-income bracket, “the median part” of the population.

w = —0.7 for the better off part of the population.

w = —0.1 for the rich part of the population with ambitions towards “conspicuous

consumption”.

As w falls in absolute value as income rises, its reciprocal |¢| increases
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Evidence that ¢ ~ —%;

Obviously, Frisch views the income flexibility ¢ = — asvarying across the income

distribution. By contrast, ¢ is a constant parameter in the Rotterdam model. This model
and its variants have been employed in a number of studies. Selvanathan (1993) uses time-
series data for 15 OECD countries and when the data are pooled ¢ = —0.45. Then, using
cross-commodity regressions, as a weighted mean she obtains QB = —0.46. Using data for
30 countries, Theil (1987) obtains an estimate of ¢ of —0.53.

Chen (1999) estimates a demand system for 42 countries to give qS = —0.42 when
there are intercepts in his differential demand equations, which play the role of residual
trends in consumption. However, when there are no intercepts, q3 = —0.29, pointing to

some uncertainty in the true value of the income flexibility

In a review paper, Brown and Deaton (1972) state “there would seem to be fair

agreement on the use of a value for ¢ around minus one half”.
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Linear expenditure system

n
Piqi =piYitBi| M — zpj)/j )
=1

e 2nparameters: B1,*, Bp and ¥4, -+, ¥n

* Get f3;'s from Engel-curve regressions:

n
i=1-,n M =zpiQi
i=1

n
piq; = a; + BiM, a; = Z(&j —,B’l-) DV 5ij= kronecker
j=1

* Identifying y;'s:

1
pivi = a; +P; (1 + 5) M

M
w = —( > < 0, "Frisch parameter”

M- piq;

w = income elasticity of MU of income (% = qb)
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Lluch, Powell and Williams (1977),
influential book

Rich source of elasticities for many countries
based on ELES/LES Patterns in Houschold

Elasticities used in CGE models Demand and Saving

Cross-country regression: lConstantino Lughis Alan A. Powell # Ross A Williams

log |w.| = a+ blogY, + ¢,

b = —0.36 and significant

Supports “Frisch conjecture”
But contradicts the previous conclusion

1 1
¢ = — = constant = — -
w 2
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LES and Frisch

In the linear expenditure system, the Frisch parameter

takes the form © wemmmen Mived aggregation
® we wem = Foyr-cominodity dggregation

9

M n = :
w=———— . p;¥; = cost of substistence. :
<M_Z?=1 plyl> ) Zl—l pl)/l E

If, for example, subsistence costs one-half of income, w = —2. i

The marginal utility of income declines twice as fast as income
increases, which seems reasonable. Note that in LES w < —1.

As
o(M/(M = Xi_qpivi)) g
oM ’
|w| falls as income rises, in agreement with Frisch’s
conjecture. Thus, for a given LES — that is, for a given value of
subsistence expenditure Yi-, p;¥; -- the conjecture is built-in
to LES.

Korea

. Thailand

. Tarwan

. famzzicn‘

. South Africa
. Greece

.y
3
2
=1
=
-
w
Q
@
=
k=3
=
20
e
=
=
2
-
-

Lluch et al. (1977) estimate ELES, a variant of LES

i R B

involving savings, for 14 countries. Since ELES is estimated . Ireland
. . 8. Ttaly °
separately for each country, 14 independent estimates of w ) Tsrael 9 :
are obtained, which can be used to test Frisch. The graph to . United Kingdom : ;ﬁ"'
the right reproduces their plot of |w| against GDP per capita. : gﬁfﬁ"é‘f‘ﬁmm : P14
) ) . 12, Vest e ¥y i ¥
As noted on previous slide, Lluch and co estimate 3. Sweden ; :
_ 4. United States . 1
|w| = 36 x GDP~0:3¢, “13
Other studies extrapolate this equation to give an implied w- 250 500 1,000 2,000 4,000
value, from which price elasticities are derived. GNP per capita is 1870 U S. dollas (log scale)

Source: Lluch et al. (1977, p. 77).
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Some weaknesses with LES

1. Utility function might be wrong,
n
u(qy, -+, qn) = z Bilog(q; — v:)
i=1
2. Additive utility -- broad groups only
3. No inferior goods, all normal (; > 0)
4. Pairwise substitutes only
Remember

“All models are imperfect, but some are useful” (George Box)

“Models are to be used, not believed” (Henri Theil)
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Other estimates of ¢

DelJanvry et al. (1972) and Gao (2012, p. 106) also find support for Frisch,

conflicting with treating the income flexibility (the inverse of w) as a constant.

Other sources of estimates ¢, or its inverse, include Acland and Greenberg
(2023), Evans (2005), Layard et al. (2008), Groom and Maddison (2019) and
Hjertstrand (2025). See also Clements et al. (2022, online appendix) and Stern (1977).

In summary, there is still some uncertainty surrounding the validity of the Frisch
conjecture and the actual value of ¢. Related is the higher-order effect of the Frisch

conjecture, mentioned previously, that makes precise estimation difficult.
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CES and —%

* CES utility function:
1

n _ D 1
u(qe, -, qn) = zaiqip O =m>0

i=1

n
M Di —0 ) _
qi = a-g—(—L) PT = Za]qp} ’ M = —0(1—w;)

* Budget-share weighted average of n;; € [—0 (1 — l) ) O]

n

» Average of the upper and lower limits 1s —%20 (1 — %) ~ —Y20

| “Average” price elasticity implied by CES = —1%0
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% and monetary economics

Money demand function:

m = f(y,1i),

Baumol—Tobin model:

m = /%, c = constant > 0

Interest elasticity:

m = real money balances; y = income; i = interest rate

d(logm)
d(logi)

—%
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Price stabilisation and %

Demand for a major exported commodity

logqg =k'"+ nlogp, n <0, logp =k + %logq

Income
M=p-q
1 1
logM =logp +logq = (k I ;logq) +logqg =k + (1 I 5) log q
Dispersion

(1) var (logM) = (1 + l)2 var (logq)
g 7 g4

Price stabilisation, A(logn) = 0

From logM = logp + logq, when var (logp) = 0,
(2) var (log M) = var (logq)

Change in dispersion of income, eq. (2) — (1)

2
1
Avar (log M) = var (logq) — <1 + E) var (logq)

’
1\2
={1—<1+ E) }var(logq)=<

Source: Newbery and Stiglitz (1981)

1
> 0 if > —
if [n| >

1
< 0if < —
if [n| >
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