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1. [bookmark: _Toc63004677][bookmark: _Hlk60840904]Introduction
[bookmark: _Toc63004678][bookmark: _Hlk31458297]1.1 Motivation
This paper serves two purposes: (i) to document the extended versions of the Melitz, Krugman and Armington models of Balistreri and Tarr (2020) by providing the mathematics; and (ii) to provide detailed, pedagogical mathematical derivations of those models to facilitate understanding.  The reader who is primarily interested in learning the mathematical derivations of a generalized version of the Melitz (2003)-based heterogeneous-firms model of international trade may skip directly to section 3 of the paper.
Our models with heterogeneous firms allow numerous policy relevant extensions of Melitz (2003), including: multiple sectors, intermediates with sector use shares based on data, heterogeneous regions based on data, labor-leisure choice calibrated to estimates of labor supply elasticities, tariff data based on actual tariffs (as well as iceberg trade costs), multiple factors of production, sector-specific inputs and trade balances based on the data.  Balistreri and Tarr (2020) consider a variety of tariff and iceberg policy experiments, including global free trade, global changes in iceberg costs and unilateral increases in heterogeneous tariffs for all sectors in the model. The approach is in the style of Melitz, for example, variables like the firm productivity, prices and quantities are continuous, there is a fixed cost of entry that must be paid prior to knowing the firm’s productivity, there is a fixed cost of selling in any market, and the free-entry condition is the expected value of profits are zero in the steady state with a death rate of firms. The mathematical derivations are especially detailed regarding the extended version of the heterogenous-firms model of Melitz (2003), but this paper also provides detailed derivations of the Armington (1969) and Krugman (1980) models. Comments we have received on earlier drafts of this paper have indicated that despite the fact that our version of the heterogeneous-firms model is considerably more general than Melitz (2003), our detailed derivations have made the heterogeneous-firms model of international trade much more accessible. We hope this will be a clear roadmap for understanding the theory of modern multi-sector, multi-region international trade models that must be fitted to data.
Balistreri and Tarr (2020) is both a highly comprehensive assessment of the impact of model features and a policy relevant evaluation of the estimated relative welfare gains from changes in trade costs in a Melitz (2003) based model of international trade compared with models based on the Armington (1969) and Krugman (1980). Balistreri and Tarr (2020) produce welfare comparison results between Armington, Krugman and Melitz style models for 17 model variants. For transparency of the impact of a model feature, they start with small models and introduce data, features and policy instruments and options progressively, eventually arriving at their ten-region, nine-sector policy model. They consider global ten percent shocks in iceberg costs in all sectors, global elimination of all tariffs as well as unilateral increases of all tariffs by single regions to 25 percent.
Balistreri and Tarr (2020) find that, in all model variants beyond the stylized one-sector model of Arkolakis et al. (2012),[footnoteRef:1] the global welfare gains from the global reduction in iceberg or tariff costs, the Melitz structure always produces the largest welfare gains and the Armington model produces the least welfare gains. They identify policies or model features that result global welfare gains in the monopolistic competition models that are several multiples of the Armington model; and they show that for regions that unilaterally increase tariffs to 25 percent from initial tariffs, all regions gain in the Armington model, but the majority lose in the two monopolistic competition models. On the other hand, they find some model features that result in little or no difference in impacts between the market structures, such as multiple primary factors of production versus labor only. They also find that in models with multiple sectors, there are regions of the model where, contrary to the global welfare ranking, the estimated welfare gains from the reduction of trade costs are largest in the Armington model and smallest in the Melitz model. Parameters for the terms-of-trade and a comprehensive variety measure are developed that explain these results. [1:  One exception is that introducing non-zero trade balances in an otherwise stylized one-sector model of Arkolakis et al. (2012). ] 

Conceptually, Balistreri and Tarr (2020) define a full policy model which includes all data, model variants and policy instruments. Then many of the various model variations may be thought of as special cases of the general model. For example, the general model allows labor-leisure choice and sector-specific factors, where the share of primary factors that are sector-specific may range from zero to one.  Then the model without sector-specific factors is a special case of the general model where the share of primary factors that are sector-specific is zero; and the model with no labor-leisure choice is a special case of the general model with perfectly inelastic supply of labor. 
The mathematics we lay out shows that one set of equations common to the Armington, Krugman and Melitz models. In these common equations the prices of goods are interpreted as either Armington or Dixit-Stiglitz price indices, with associated quantities available for absorption in the economy. Beyond the equations that are common across all models, there are some equations that are specific to the Krugman-style model and a slightly larger set that are specific to the Melitz style model.
1.2 [bookmark: _Toc63004679]Literature on the Mathematics of the Melitz, Krugman and Armington Models
Although there are papers in the literature that provide mathematical derivations of subsets of the heterogeneous-firms models, we consider our approach to be more detailed or pedagogical and, in places, more general. The mathematics of the model in Melitz (2003) is explained well by Redding (2010a; 2010b); and Donaldson (2016) also provides a pedagogical derivation of the mathematics of the model in Melitz (2003).  But the model of Melitz (2003) must be extended in numerous dimensions (as discussed above) to be an appropriate model for policy analysis.[footnoteRef:2]   [2:  Costinot and Rodriguez-Clare (2013) provide a mathematical appendix for their heterogeneous firms model using the “exact hat” approach.  There is a need for an exposition the mathematics of a generalized version of the heterogeneous-firms model with the conventional “level” approach to comparative statics.  ] 

Balistreri and Rutherford (2013) provide equations that are close to our list of equations in section 2.  Balistreri and Rutherford (2013) is an important complement to this paper as it also explains calibration issues and provides computer code for the three classes of models we consider, which we do not do here.  Balistreri and Rutherford (2013) do not, however, derive the equations of the models. 
[bookmark: _Hlk66521513]The paper that is closest to ours in providing details of the mathematics of a generalized heterogeneous-firms model is Akgul, Villoria and Hertel (2016).  Akgul et al. (2016) provide computer code for how to implement a heterogeneous-firms model in GTAP.  They also do an excellent job of explaining the economic intuition for the equations of the heterogeneous-firms model. We call attention to two differences between our approach and Akgul et al. (2016).
 First, in both our approach and that of Akgul et al. (2016), we assume that firms use a composite input that is a linearly homogeneous function of all primary and intermediate inputs used in variable costs.  For fixed costs we assume that fixed costs use the same composite input, whereas Akgul et al. (2016) and Jafari and Britz (2017) assume that fixed costs use only primary inputs.  From the perspective of interpretation of results, it is well known that  the Dixit-Stiglitz mechanism involves variety impacts on welfare in monopolistically competitive markets; and with firm heterogeneity, we will have productivity effects from firm selection into markets. With different cost structures for fixed and variable costs, the welfare gains in monopolistic competition models potentially also include rationalization gains. 
To illustrate in the Krugman case, if the unit costs for the composite inputs for fixed and variable costs differ, it follows from equation  below that output per firm is: 

[bookmark: ZEqnNum361498]							 	





where is the output of the firm in sector k of region r; are its fixed costs (in composite units of inputs used in fixed costs); () are the prices of the composite inputs used for variable (fixed) costs, respectively; and is the Dixit-Stiglitz elasticity of substitution. With identical unit cost functions, the ratio of the cost functions drops out of equation ; then we have constant output per firm and no rationalization gains from changes in trade costs.  If the cost functions differ, the percentage change in output per firm is equal to the percentage change in the ratio of the unit cost functions, and rationalization gains are possible. 

Akgul et al. (2016) estimate gains in the Melitz model for the world that are 9-10 times larger than the estimated gains in their Armington model. This is a larger ratio of Melitz to Armington gains than has been found in the literature to date, including by Balistreri and Tarr (2020) in any of their 18 model variants. When there is a reduction in trade costs, this will have a first-order impact on the price of intermediates and a second-order effect on the price of primary inputs. While the first-order, second-order observation is not definitive, a new equilibrium may result where intermediate prices fall by more than primary input prices; then will rise and there will be rationalization gains. The results of Akgul et al. (2016, table 4) show large scale effects in their firm heterogeneity model, suggesting that their cost structure assumption is a component in explaining the large relative welfare gains in the Melitz model compared to Armington.[footnoteRef:3]   [3: Our second difference below suggests a second explanation for the results.  ] 

The problem for an applied modeler, however, is that characterization of these different cost structures is not possible based only on the data in the social accounts.  As noted by Swamanathan and Hertel (1996, p. 32), without additional industry level data, any assumptions about these cost structures could be criticized; it is incumbent on the modeler to make any assumption transparent and it should facilitate interpretation.[footnoteRef:4]  Both of these assumptions about the structure of fixed costs are transparent and are useful alternate approaches to add to our understanding of how the cost structure of monopolistically competitive firms impacts the results.  [4: From theory alone, one could argue that intermediates are part of fixed costs since expenditures on costs such as construction or maintenance of warehouses or repair facilities involve intermediates, and annualized expenditures on durables observed as intermediates are part of fixed costs. Theoreticians typically avoid these issues by assuming labor is the sole factor of production, e.g., Krugman (1980), Meltiz (2003), Arkolakis, Costinot and Rodriguez-Clare (2012). 
] 

[bookmark: _Hlk66184179][bookmark: _Hlk66100280]A limitation of the approach of Akgul et al. (2016), however, is a loss of generality due to their assumption that the price of the representative firm to all markets is identical to all markets; it does not differ by market based on the data relevant to the destination markets, neither due to the bilateral representative firm productivities nor the trade (tariff) nor transport (iceberg) margins.  Rather Akgul et al. (2016, equation 12) assume there is a common export cutoff productivity to all markets which is based on an average firm productivity applied in all markets and the firm’s price is independent of trade and transport margins. (For details, see footnote 31 below and compare with equation  below.) As noted by Dixon, Jerie and Rimmer (2018, appendix 7.3) and Bekkers and Francois (2018), this simplification precludes bilateral selection. But bilateral selection is a hallmark of the Melitz theory. This is because in the Melitz theory, the representative firm is exporter-importer specific, which allows the Melitz theory to explain the empirical fact that the share of firms in an industry that export to various destination markets differs by the destination market.  In our approach, the representative firm’s price depends on bilateral export cutoff productivities and destination specific demand as impacted by bilateral trade (tariffs) margins and transport (iceberg) margins.
Dixon, Jerie and Rimmer (2018) provide the most comprehensive treatment of the economics, mathematics, calibration and computer code for implementing Armington, Krugman and Melitz models in GEMPACK.  Their book explains how the equations of the basic GTAP model may be modified and extended to integrate heterogeneous firms into the GTAP framework and the book explains the intuition.  They also derive some interesting theoretical results for the efficiency of the heterogeneous firms-monopolistic competition model.  Their book is a very useful guide to authors who wish to implement the heterogeneous-firms model in GEMPACK and GTAP.  As we do, they build on Balistreri and Rutherford (2013).  In particular, as with our approach, their mathematics shows there is a set of equations that is common to the Armington, Krugman and Melitz models (with some interpretation differences). Then, there are some equations that are specific to the Krugman and a slightly larger set of equations that is specific to the Melitz style model.
Regarding our focus in the present paper, which is the derivation of the mathematics of the three models, especially the heterogeneous-firms model, Dixon et al. (2018) provide more mathematical derivation than is typically available in journal articles. Their approach, however, leaves some gaps in the mathematical derivations necessary for a full policy-based applied general equilibrium model, and there are conceptual differences in our approaches. 
First, regarding the approach, we use continuous variables, which is consistent with, and can be related more easily to, the theoretical literature of heterogeneous firms.  By contrast, Dixon et al. (2018, p. 11) primarily employ a discrete variable approach.  All theoretical contributions in international trade of which we are aware employ the continuous approach including Melitz (2003), Arkolakis et al. (2012), Chaney (2008), Costinot and Rodriguez-Clare (2013; 2014), Melitz and Redding (2015); Feenstra (2010), Demidova and Rodriguez-Clare (2009) and Caliendro et al. (2020). Although it is possible to adapt the discrete equations and notation of Dixon et al. (2018) to the corresponding continuous ones of the theory literature, it is a non-trivial and cumbersome process; thus, our approach should facilitate reading the theory literature.  Dixon et al. (2018) indicate that they choose the discrete approach for ease of exposition.  We believe that our approach of providing extensive details in the proofs makes the continuous approach very accessible, and at least as easy to follow as the discrete approach.  The continuous and discrete approaches have the same mathematical requirements: basic calculus and basic probability theory.[footnoteRef:5]    One can debate which approach is easier; but, at a minimum, since the theoreticians typically make simplifying assumptions that result in models that are often insufficient as useful policy tools, there is a need in the literature for derivation of the equations of a full policy-based model that can be applied to data using the continuous approach. Our pedagogical approach should substantially facilitate access to both the theoretical literature and a policy-based applied general equilibrium model; and it should be a useful tool for teachers, students and researchers. [5:  One exception is equation  below. Although it is commonly applied in multiple fields of economics, it neither follows from basic calculus nor have we seen a published proof. We provide the intuition for the mathematical property and references and discussion of three on-line proofs.] 

Second, Balistreri and Tarr (2020) allow households to have a labor-leisure choice, and this feature is incorporated in their Armington, Krugman and Melitz style models.  They show that labor-leisure choice is an important reason for the heterogeneous model to have larger welfare gains than the Armington model, especially when intermediates are in the model, as there is an interaction effect between labor-leisure choice and intermediates that magnifies the impact of labor-leisure choice in monopolistic competition models. We have not seen any published paper that has incorporated labor-leisure choice in a policy-based numerical model of heterogeneous firms. [footnoteRef:6]  We provide the mathematical derivations of this modeling extension within a full applied general equilibrium international trade model.  [6:  Balistreri, Hillberry and Rutherford (2010) incorporated labor-leisure choice in an otherwise stylized model of Arkolakis, Costinot and Rodriguez-Clare (2012). ] 

Third, following Balistreri, Hillberry and Rutherford (2011), the cost structure of firms we employ incorporates intermediates, multiple factors of production and we allow sector-specific factors of production.  We provide the mathematical derivations within a policy-based general equilibrium model in section 3 below.  Similar to our approach, Dixon et al. (2019, p. 102) explain that they assume that the costs of their firms are a composite function of all primary and intermediate inputs and this composite input is used in variable costs and both kinds of fixed costs in the heterogeneous-firms model. There are, however, no mathematical derivations in Dixon et al. (2019)[footnoteRef:7]; and in Dixon et al. (2018, p.11) they state: “for simplicity, we assume labor is the sole factor of production.” Thus, while Dixon et al. (2019) indicate that their applied general equilibrium model incorporates intermediates and multiple primary factors of production, their work does not show the mathematical derivations.  [7:  Dixon et al. (2019) state: “We are targeting applied modelers who would like to take on board, in a GTAP setting, what Melitz has to offer but who don’t have the time or inclination to make a massive investment in learning the technical details of Melitz theory.”] 

Finally, Dixon et al. (2018) assume a Pareto probability distribution throughout in their heterogeneous-firms model. Our approach is more general. As in Melitz (2003), we employ a general probability function when we solve for the firm’s optimal price and quantity and its revenue and profits, as well as industry values in terms of the representative firm. That is, subject to the convergence of the relevant integrals, we allow a general probability function of firm productivities when we solve for the Dixit-Stiglitz price and quantity indices and industry revenue and profits functions in terms of the representative firm alone. Since the zero cutoff productivities, the free-entry equilibrium condition and the representative firm productivity levels depend on the probability distribution, we subsequently take the special case of the Pareto probability distribution when we solve the model for these values. This generalization is of practical importance for researchers, such as Fernandes et al. (2019), [footnoteRef:8] who wish to introduce a probability distribution other than the Pareto.  One could follow our derivations up to the point of solving for the zero cutoff productivities and introduce the alternate probability distribution at that point. [8:  Fernandes et al. (2019) show that if the Pareto distribution is replaced by the log- normal distribution in a heterogeneous-firms model, the trade responses (the intensive margins in particular) more closely match the data, but the welfare results in the one-sector Melitz model are not significantly changed by the log-normal distribution.] 

[bookmark: _Toc63004680]1.3 Welfare Gains from Trade and Market Structure
Bekkers and Francois (2018) provide an excellent review of the numerical literature on the relative gains in the Armington, Krugman and Melitz models as of 2018. They review Akgul, Villoria and Hertel (2016); Balistreri, Hillberry and Rutherford (2011); an earlier version of Caliendro et al. (2020); Costinot and Rodriguez-Clare (2014); Dixon, Jerie and Rimmer (2016; 2018); Jafari and Britz (2017); and Zhai (2008).  Bekkers and Francois (2018) explain the features of these models and interpret the reasons for the differences regarding the estimates of the relative welfare gains in the across the Armington, Krugman and Melitz models. Balistreri and Tarr (2020) take us considerably further regarding an assessment of the impact of model features on the relative gains of the three market structures from the reduction of trade costs. We refer the reader to table 8 in that paper for an “at a glance” summary of the results. Here we discuss two issues that deserve further attention beyond the very useful Bekkers and Francois summary: (i) should we hold trade responses across market structures equal when evaluating relative welfare gains across market structures; and (ii) what did the high profile Costinot and Rodriguez-Clare (2014) paper accomplish.
First, given how very influential and useful the paper of Costinot and Rodriguez-Clare (2014) has been, it is worth discussing further what they do and do not accomplish. The results of Arkolakis et al. (2012) have been criticized as being fragile, i.e., that they are derived from a stylized one-sector model with results that fail to hold with small departures from the assumptions of that model (see, for example, Balistreri, Hillberry and Rutherford, 2010; Melitz and Redding, 2015).  Costinot and Rodriguez-Clare (2014) attempt to correct this weakness by building policy-relevant computational versions of the Armington, Krugman and Melitz models and comprehensively compare the welfare gains from the reduction of trade costs in the three model structures. Costinot and Rodriguez-Clare (2014) derive two useful analytic relationships that hold in one-sector models (one of which we discuss below) and find that, with a single aggregate intermediate good, the welfare gains are larger in the monopolistic competition models than the Armington model. They also find that multiple sectors break the welfare equivalence found in Arkolakis, Costinot and Rodriguez-Clare (2012), with market structure having ambiguous welfare effects. Costinot and Rodriguez-Clare, (2014) fall short, however, of providing an evaluation of the relative gains of the three market structures in a useful policy model or of providing a comprehensive assessment of the relative welfare gains of a reduction of trade costs by market structure. This is because multiple extensions from the stylized one-sector model of Arkolakis et al. (2012), which are necessary for an effective policy model, are either not attempted by them or are they only report results under the Armington structure.[footnoteRef:9]  [9:  All of the results of Costinot and Rodriguez-Clare (2014) that compare results in the Melitz, Krugman and Armington models are in their tables 4.1 and 4.3.  These results are derived from models that assume: (i) no labor-leisure choice; (ii) zero initial tariffs; (iii) no sector-specific factor;  (iv) no unilateral trade policy changes; (v) a single aggregate intermediate good without reference to intermediate shares from the input-output tables; (vi) uniform tariff changes; and (vii) labor as the sole primary factor of production.  They do not report any results for relaxing assumptions (i)-(iv); and they report results for relaxing assumptions (v)-(vii) only under the Armington structure.  We show that one cannot infer what will happen in the monopolistic competition models based on the Armington model; even the sign of the impact may reverse.

Balistreri and Tarr (2020) show that relaxing assumptions (i), (iv) and (v) significantly increase the gains in the monopolistic competition models relative to Armington, whereas relaxing assumption (vi) has the opposite impact on the relative gains.  Relaxing assumption (ii) is necessary to deriving our important result for the welfare impacts of unilateral tariff increases by market structure.  On the other hand, we find that assumptions (iii) and (vii) have only a small impact on the relative welfare results and we find the Costinot and Rodriguez-Clare result of relaxing assumption (vii) under Armington is robust to the extension to the monopolistic competition models.] 





As a second topic of further discussion, we posit an important question regarding the appropriate method for this type of structural sensitivity analysis:  Should we hold the trade responses equal? We define the trade response as the predicted discrete change in the share of a region’s expenditure on domestic goods associated with any shock to variable trade costs. The argument for holding the trade responses equal across the market structures is that the gravity model has been derived based on a diversity of micro-foundations, including models of perfect competition and monopolistic competition with either homogeneous or heterogeneous firms.  Despite the diversity of the micro-foundations, the estimated gravity equations share the prediction that bilateral trade ﬂows will change as a function of bilateral trade costs based on the estimated trade elasticity with respect to trade costs.[footnoteRef:10] This leads to the conclusion that the structural parameters of the models should be adjusted to be consistent with the gravity estimates. Costinot and Rodriguez-Clare (2014) make a similar argument and, in one-sector models, derive an exact relationship between the elasticity of trade costs in a gravity model and the trade elasticities in the Armington, Krugman and Melitz models. For example, in the case of the Krugman model, their formula reduces to:  , where is the absolute value of the trade elasticity from gravity and is the Dixit-Stiglitz elasticity of substitution; and in the Melitz (2003) and Arkolakis et al. (2012) models with a Pareto distribution, their formula reduces to: , where a is the shape parameter of the Pareto distribution.  Further, Arkolakis et al. (2012) show, in their stylized one-sector model, the importance of a common trade response when they show that the impact of a change in trade costs on welfare is equal across the Armington, Krugman and Melitz models provided the trade responses are equalized and a common trade elasticity is used. In multi-sector models, Balistreri and Tarr (2020) show that if the trade responses are not held equal, the relative gains in the Melitz model are increased compared to the Krugman and Armington model and similarly, the relative gains of the Krugman model are increased compared to the Armington model. The economic intuition is that the entry and selection effects magnify the trade responses in models where they are present. Therefore, holding trade responses equal raises the bar for the Melitz model to obtain the largest estimated welfare gains of the three market structures from a reduction in trade costs. This suggests that for a fair comparison of the effect of market structure on the welfare effects of a change in trade costs, elasticities should be chosen such that the trade responses are equal.[footnoteRef:11]  [10: Contemporary gravity regressions subsume factor supply and intersectoral demand responses in fixed effects and focus on identifying responses in relative imports and exports across trade partners.]  [11:  Bekkers and Francois (2018, p.9) disagree stating that “We instead contend that the empirically estimable parameters in the different models, in particular the trade or tariff elasticity, should be identical, with implied differences in the structural elasticities of the model.” We agree with that logic, which for the reasons stated above, indicates, in our view, that the trade responses should be held equal.] 

This line of argument has led to at least five papers in the literature that make efforts to hold trade responses equal across the three market structures: Balistreri and Tarr (2020); Costinot and Rodriguez-Clare, (2014); Dixon et al. (2016; 2018) and Akgul et al. (2016). The authors of these papers have adapted their model parameters (exclusively trade elasticities in four cases) in an effort to yield trade responses that align with the gravity estimates (at least in some of their models as discussed below). In all their model variants, Costinot and Rodriguez-Clare (2014, 211-212) use an elasticity formula to adjust the Dixit-Stiglitz elasticities in the Krugman model and the Armington elasticities in the Armington model. Their formula holds trade responses equal in their one-sector models, but Balistreri and Tarr (2020, section 2.1) show that the Costinot and Rodriguez-Clare (2014) elasticity formula fails to hold trade responses equal in comparative static multisector models.[footnoteRef:12]  Balistreri and Tarr (2020) and Dixon et al. (2016, p. 48; 2018) successfully hold trade responses equal in comparative static, multi-sector more models; they use a trial-and-error approach to choosing elasticities in their Krugman and Armington models such that the trade responses are equal with the trade response of the Melitz model. Akgul, Villoria and Hertel (2016. p. 152) use lower estimated substitution elasticities in the Melitz model than the Armington model, which serves to reduce the differences in the trade responses between the models, but their estimated elasticities do not fully equalize the trade responses. To fully equalize the trade responses, Akgul et al. (2016, p. 159) impose a lower tariff shock in the Melitz model than in the Armington model. Since the logic for holding trade responses equal is based on adjusting model elasticities such that they are consistent with a common trade cost elasticity from a gravity model, and since the estimate of the trade elasticity in the gravity model is based on a common trade shock, the rationale for partly adjusting the size of the trade shock rather than relying exclusively on the elasticities to equalize the trade responses does not seem convincing. [12:  Since a movement to autarky from a benchmark equilibrium will result in equal trade responses in all models, provided the model is calibrated to initial trade flows, Costinot and Rodriguez-Clare also hold trade responses equal in their multi-sector autarky exercises.] 

[bookmark: _Toc63004681]1.4  Where Firms Export 
It is well known that among the set of firms in a country, exporting firms are a significant minority—most firms only sell in their domestic market. Our model is consistent with these data as iceberg costs, tariffs and usually additional fixed costs of exporting, all lead to a higher zero-productivity cutoff for exporting than for sales in the home market. There is also evidence, however, that there are firms that export without selling in their home market.[footnoteRef:13]  In section 4, we show analytically that our model with heterogeneous regions also explains situations where some firms only export without selling in their home market. This could happen if there are large export markets relative to the home market, relatively weak home market preferences for the product of a sector, or lower fixed costs of exporting to some region relative to home market fixed costs.  In his one-sector model with two heterogeneous regions, Feenstra (2010, p.13) also shows the possibility of firms exporting without selling in their home market. Our result generalizes the Feenstra result to heterogeneous regions and an arbitrary number of sectors. [13:  For example, Jakubiak et al., (2006) survey 510 Ukrainian firms that export to the European Union. They indicate that about ten percent of these firms report that they do not sell in Ukraine.  ] 

Plan of the paper. In section 2 of this paper, we lay out the equations of the three models, with limited explanations that may be sufficient for understanding by an experienced international trade theorist. The equations of the three models, showing which are common to all three models, are conveniently grouped in table 1 that appears at the end of section 2. Detailed derivations are in section 3, which is the majority of the paper. Section 4 contains a proof of the cutoff productivities determining where firms export. 
 
[bookmark: _Toc63004682]2. Equations of the Model
[bookmark: _Toc530151185][bookmark: _Toc19085827][bookmark: _Toc63004683]2.1  Notation



[bookmark: _Toc63004684][bookmark: _Toc530151186][bookmark: _Toc19085828]	2.1.1 Sets: R is the set of all regions, indexed by r or s.  I is the set of all goods and services, indexed by i or j with subsets  as the set of Krugman sectors and the subset  as the set of Melitz style sectors. We reserve the index k for Krugman sectors and the index m for Melitz sectors. F is the set of primary factors, indexed by f, with the subset  as the set of sector-specific factors.    
[bookmark: _Toc530151187][bookmark: _Toc19085829][bookmark: _Toc63004685]2.1.2  Variables:	   

 Scalar index of “full” consumption in region r, equal to one in the benchmark equilibrium;[footnoteRef:14] [14:  With labor-leisure choice this includes the imputed value of leisure.] 


  Scalar indices in the use of the composite input by sector i in region r; it is equal to one in the benchmark equilibrium so represents the proportional change. In Armington sectors composite input use is also output; but under monopolistic competition, they represent the proportional change in composite inputs used by firms to cover both fixed and variable costs. 

 Scalar indices for composite supply for good or service i in region r, equal to one in the benchmark equilibrium; in Armington mode, this is an index of the Armington aggregate good; in the monopolistic competition models, it is the Dixit-Stiglitz aggregate.

  Unit expenditure index (true cost of living index) in region r;

 Domestic price of the composite input. For monopolistically competitive firms it is the price of composite inputs used for both fixed and variable costs in region r;

 Price of goods and services (Dixit-Stiglitz price in monopolistic competition) in region r;

Price of mobile primary factor f in region r; 

 Price of specific primary factor f in the sector i in region r; 



Number of active firms for ; number of firms that enter for ;   


Number of Melitz firms in sector m of region r selling in region s,  ;


 Gross firm-level price of Krugman firms from region r selling in region s, ;   


 Firm level quantity for Krugman firms from region r selling in region s, ;


 Gross firm-level price of Melitz representative firms from region r selling in region s, ;


 Firm-level quantity of Melitz representative firms from region r selling in region s, ; 


Firm-level productivity of Melitz representative firms from region r selling in region s; ;  

 Nominal income of region r (measured in units of the numeraire). With labor-leisure choice, this includes the imputed value of leisure. 
[bookmark: _Toc530151188][bookmark: _Toc19085830][bookmark: _Toc63004686]2.1.3 Instruments


 Iceberg trade costs, number of units  of sector i from region r needed to export to region s;

 Tariff rates in sector i on imports into region s from region r.
[bookmark: _Toc530151189][bookmark: _Toc19085831][bookmark: _Toc63004687]2.1.4 Parameters

 Benchmark value of full consumption in region r;[footnoteRef:15] [15: Includes the imputed value of leisure if there is a labor-leisure choice.] 


 Benchmark value of the use of gross output of sector i in region r;

 Benchmark value of composite domestic and imported supply in sector i in region r;  

[bookmark: _Hlk24874124] Benchmark coefficient of intermediate input j in gross output of sector i in region r; 

 Benchmark coefficient of aggregate primary inputs in gross output of sector i in region r;

 Benchmark share of primary factor f in the value-added of sector i in region r; 

  Benchmark share of leisure in full consumption;

 Benchmark share of i in total consumption of goods and services;

  Elasticity of substitution in Armington sectors between goods from different regions;

  Dixit-Stiglitz elasticity of substitution between firm varieties in Krugman sectors;

  Dixit-Stiglitz elasticity of substitution between firm varieties in Melitz sectors; 

 Preference weight in Armington aggregation of regional varieties from region r in region s;


 Preference weight in Krugman aggregation of firm varieties from region r in region s, ; 


 Preference weight in Melitz aggregation of firm varieties from region r in region s, ; 

 Elasticity of substitution between leisure and consumption of goods and services;

 Elasticity of substitution between intermediates and between intermediates and value-added; 


 Fixed costs (in composite input units) of Krugman firms in sector k of region r, ;


 Fixed costs of Melitz firms (in composite input units) in sector m of region r operating in region s,  ;


 Sunk entry costs (in composite input units) of Melitz firms in sector m of region r, ;

 Pareto shape parameter;

 Pareto lower support;

 Annual probability of firm death in the Melitz model;

 Endowment of mobile factor f in region r. 

 Endowment of specific factor f in sector i of region r;
	For f = labor, without labor-leisure choice, the initial labor supply is the total endowment. With labor-leisure choice, the total endowment is the time of the worker-consumer;

 Benchmark capital account surplus.

[bookmark: _Toc530151190][bookmark: _Toc19085832][bookmark: _Toc63004688][bookmark: _Hlk20571400]2.2 Representing technologies and preferences using duality. 
[bookmark: _Toc530151191][bookmark: _Toc19085833][bookmark: _Toc63004689]	2.2.1 Preferences. With the option to include a labor-leisure choice, the unit expenditure function is given by:




[bookmark: ZEqnNum766970]	 .					

	If labor supply is perfectly inelastic; then the unit expenditure function reduces to only the Cobb-Douglas preference nest over goods and services.  

[bookmark: _Toc530151192][bookmark: _Toc19085834][bookmark: _Toc63004690]	2.2.2 Technology of the Composite Input. The production technology for the composite input in the dual is given by one of the following formulations. We always assume that value-added inputs combine in a Cobb-Douglas nest, but we employ multiple treatments of intermediates.  If we assume that intermediates and a value-added composite substitute with an elasticity of substitution , we have the cost function of . 

[bookmark: ZEqnNum957163]			

where .  



[bookmark: _Hlk14956856]If there are no intermediates, then the  parameters are all zero,   and we only have the Cobb-Douglas nest of primary factors.  If , we have the cost function of Cobb-Douglas technology in .	


[bookmark: ZEqnNum857060]	          .	
If we adopt the single-composite intermediate treatment, then the price of intermediates is the unit expenditure function and the cost function is shown by . 


[bookmark: ZEqnNum908021]	       .	
In the case when we do not have any intermediates, the α share parameters in the above equations would all be zero. 
[bookmark: _Toc530151193][bookmark: _Toc19085835][bookmark: _Toc63004691][bookmark: _Hlk15370817]	2.2.3 Prices. The next set of equations indicates the dual price of the good or service in region s. For the Armington structure, we have a 	CES aggregation of the prices of regional varieties:


[bookmark: ZEqnNum862279]	 .	
	If we assume a monopolistic competition structure, the dual price is either a Dixit-Stiglitz aggregation of Krugman firm-level varieties, as: 


[bookmark: _Hlk15388375][bookmark: ZEqnNum667530]	;		
or (as we show in section 3.5) an aggregation of Melitz representative firm varieties as:


[bookmark: _Hlk15391538][bookmark: ZEqnNum729856]	  . 	
[bookmark: _Toc530151195][bookmark: _Toc19085836][bookmark: _Toc63004692][bookmark: _Toc530151194][bookmark: _Hlk15816173]2.3 Krugman specific equations   
[bookmark: _Hlk15816157]	        Consistent with the Dixit-Stiglitz aggregation, demand for a variety produced by an individual firm in region r and sold in region s is:	


[bookmark: ZEqnNum384628]	      .                          	
Faced with this demand, the price that maximizes profit for the individual firm includes a markup above marginal costs: 


[bookmark: ZEqnNum915770]	             .	   
Free entry leads to zero profits, so accumulated quasi-rents across all markets just cover fixed costs:  


[bookmark: ZEqnNum380640]	      .		

Associated with the zero-profit condition is , the number of firms entered in sector k of region r. 
[bookmark: _Toc19085837][bookmark: _Toc63004693][bookmark: _Hlk15816108]2.4 Melitz specific equations
The Melitz equilibrium is defined by a representative firm (variety) on each bilateral trade link. For details of the derivation starting from the distribution of all firms, see section 3.5. Demand for the representative firm is given by: 


[bookmark: ZEqnNum336609]	        ;	
Optimal pricing leads to:


[bookmark: _Hlk15391625][bookmark: ZEqnNum956983]	               .	
We need a condition that determines selection into each bilateral market. The marginal firm will earn zero profits. With a Pareto distribution and shape parameter a, the zero cutoff profit condition maps to the representative firm’s profit by:    


[bookmark: ZEqnNum926146]	      .	
We need a condition that determines how many firms enter (take a productivity draw). Equilibrium requires that a potential entrant have zero expected profits from potentially multiple markets; then expected profits across multiple markets just equal the annualized sunk costs of establishing a variety. With δ as the rate of firm death, this requires that: 


[bookmark: ZEqnNum623167]	    .	
Finally, the productivity of the representative firm is:


[bookmark: ZEqnNum999051]	     .	
[bookmark: _Toc19085838][bookmark: _Toc63004694]2.5 Market Clearance




	We choose notation that makes explicit that we solve for percentage changes in variables. In the case of the supply of output in each sector in region r (from both domestic and imported sources) we write the supply of output of sector i in region r as ; this is its value in the benchmark times a scalar multiple that has a value of one in the benchmark. Then the endogenous supply variable for which we solve, , is the proportional change in the supply. Similarly, we define output (or composite inputs) and consumption by and , respectively, so that the variables (times 100) for which we solve are the percentage changes in composite input use and consumption.
[bookmark: _Hlk15465971]We first establish the market clearance conditions for supply and demand of goods and services available for domestic use. The demand for goods and services is derived by applying Shepard’s Lemma to the above defined consumption and production technologies.  The market clearance conditions of supply and demand are given by:

	.   	

[bookmark: _Hlk15466234]Next, we establish market clearance for the production of good i in region r and all of its uses in all markets. Under Armington the associated price is simply marginal cost, , so market clearance is given by: 


	   ,	
For the monopolistic competition models, we must account for the use of output for fixed costs as well as variable costs. Under Krugman we have	


[bookmark: ZEqnNum175349]	          ;	
and under Melitz we have:


	   .	 
For sector-specific primary factors, the market clearance condition is: 


	               .  	
For primary mobile factors of production, we account for demand across different sectors:


	    . 	
Leisure demand is given by the final term on the right-hand side, which is non-zero only if the factor is labor and we have chosen a non-zero elasticity of labor supply. 
[bookmark: _Hlk531112700]	Real Consumption and Welfare. In all of our model variations except one, intermediates are modeled as in either  or ; then the quantity associated with real consumption is fully exhausted in final demand, giving us


[bookmark: ZEqnNum210011]	        ,	



[bookmark: _Hlk531112423]where  is the optimized value of  and the change in  is Hicksian equivalent variation. 
In the one model where we assume a single composite intermediate input as in , however, some of the consumption good is used in production. In that special case, market clearance of supply and demand of the consumption good is:


	        ,  	

and Hicksian equivalent variation remains the change in . 
[bookmark: _Toc63004695]2.5 Income balance and numeraire
[bookmark: _Toc63004696]	2.5.1 Numeraire. The model is based on relative prices (the model is homogeneous of degree zero in nominal prices). We define the numeraire as the price of a unit of utility in the United States:

.					 
All prices are relative to this numeraire. 
[bookmark: _Toc63004697][bookmark: _Hlk24780951][bookmark: _Hlk24780929]	2.5.2 Income of the Representative Agent. In terms of units of the numeraire, we must have nominal income equal expenditures of the representative agent in region r. Income equals the value of factor endowments plus any tariff revenue plus the value of any capital account surplus. With no labor-leisure choice, the initial total labor supply is the endowment. With labor-leisure choice, the endowment of the representative agent is the total time endowment; then income is “full” income, i.e., it includes the imputed value of leisure. Note that the model includes a constant balance of trade constraint measured in international transfer units. 


[bookmark: ZEqnNum796401].       


[bookmark: _Toc63004698]	Table 1: Equations for the Armington, Krugman and Melitz Models

[bookmark: _Hlk48728965]Notation: The upper-case Latin letter which denotes the set is also used in the tables below for the number of elements in the set.	 
	Equilibrium Conditions (equation number from the text in parentheses)
	

Equations Specification
	
	

Associated Variable  
	Number of equations and variables 

	1. Equations Common to the Armington, Krugman and Melitz Models

	AKM.1 Unit expenditure function (2.1).
	


	

 

	

      
	

    

	AKM.2 Unit cost function—if CES intermediates (2.2).[footnoteRef:16] [16:  With equations 2.3 and 2.4 in the text, we also consider cost functions that are Cobb-Douglas in intermediates and a single aggregate composite intermediate. Since these alternate formulations do not change the variables or number of equations in the model, we exclude them from the table.] 

	
        
 
	

 


	

	 

	AKM.3 Market clearance for domestic use (2.16). 
	

	


 
	
 Supply of good i in region r.[footnoteRef:17] [17:  is the Armington aggregate in Armington model, but the Dixit-Stiglitz aggregate in monopolistic competition. ] 

	

  

	AKM.4 Market clearance for sector-specific primary factors (2.20).
	
	 
	
 
	
 Price of specific factor fir
	


	AKM.5 Market clearance for mobile primary factors (2.21).
	
	 
	
 
	
[bookmark: _Hlk48728949] Price of mobile  factor fr
	
[footnoteRef:18] [18:  is the set of all elements of F that are not in .] 


	AKM.6 Real Consumption and Welfare (2.22)
	
	 
	


	

	 welfare index
		

     

	AKM.7 Income--Full income with labor-leisure choice (2.25)
	
 
	
 



	

    

	
            Number of equations and variables common to the three models: . 





Table 1: Equations for the Armington, Krugman and Melitz Models (continued)
Armington and Krugman Specific Equations.
	[bookmark: _Hlk48663102]Equilibrium Conditions (equation number from the text in parentheses)
	

Equation Specification
	
	

Associated Variable  
	Number of equations and variables 

	2. Armington Specific Equations

	A.8 Prices in Armington sectors (2.5)
	
	 
	




	

    
	
 [footnoteRef:19] [19:  We allow models with either mixed market structures or a strictly unique market structure.  ] 


	A.9 Market clearance for Armington output = use of composite input (2.17).
	
	 
	




	

    
	


	
                              Number of Armington specific equations and variables:   

	

Total number of equations and variables[footnoteRef:20] in an entirely Armington model,:  [20:  In all three models, there is a functional dependence of the equations since from Walras Law, the sum of excess demands is zero. Consequently, we drop one of the market-clearance conditions in the solution. Further, prices are homogeneous of degree zero so only relative prices are determined. We choose a numeraire, in which all prices are expressed. Thus, there is one less equation and variable in the model. The MPSGE software we employ drops the equation corresponding to the numeraire we choose. ] 


	3. Krugman Specific Equations

	K.8 Dixit-Stiglitz price index (2.6)
	
	 
	




	

    
	
	 

	K.9 Market clearance for use of composite input (2.18).
	
	 
	




	

    
	
	 

	K.10 Firm level quantities from region r to region s in sector k (2.8)
	
	 
	
	 
	

    
	


 

	K.11 Firm level prices from region r to region s in sector k (2.9)
	
	 
	
.  
	

    
	

 

	K.12 Zero-profit condition for firms in sector k or region r (2.10)
	
	 
	
 
	
 number of firms[footnoteRef:21] [21:  See section 3.4 for a discussion of why the number of firms is associated with the zero-profit condition.] 

	

 

	
                             Number of Krugman specific equations and variables:. 

	
Total number of equations and variables in an entirely Krugman model (K=I):      .



Table 1: Equations for the Armington, Krugman and Melitz Models (continued)
Melitz Specific Equations.

	Equilibrium Conditions (equation number from the text in parentheses)
	

Equation Specification
	
	

Associated Variable  
	Number of equations and variables 

	4. Melitz Specific Equations

	M.8 Dixit-Stiglitz price index in Melitz (2.7)
	
	 
	



	

     
	

 

	M.9 Market clearance for use of composite input (2.19).
	
	 
	



	

     
	
	 

	M.10 Firm quantities from region r to region s in sector m (2.11)
	
	 
	

	

     
	

 

	M. 11 Firm level prices from region r to region s in sector m (2.12)
	
	 
	

	

     
	

 

	M. 12 Selection into each bilateral market (2.13)
	
	 
	

	

    
	

 

	M. 13 Zero expected profits (2.14) 
	
	 
	

	

     
	

 

	M. 14 Representative firm productivity for selling in region s (2.15).
	
	 
	

	

    
	

 

	
Number of Melitz specific equations and variables:  

	
Total number of variables and equations in an entirely Melitz model (M=I):     





             
[bookmark: _Toc63004699]3. Equations Explained.
[bookmark: _Toc63004700][bookmark: _Hlk20571479]3.1 Preferences. 
With the option to include a labor-leisure choice, the unit expenditure function in region r is:


[bookmark: MTBlankEqn][bookmark: ZEqnNum254555]			.		
Equation , which is equation  of the model, is dual to the following utility function defined over the consumption of leisure and goods and services. 

[bookmark: _Hlk24785245][bookmark: ZEqnNum887318]	 	





where = leisure,  is consumption of the i-th composite good or service in region r and  is the Cobb-Douglas scaling parameter used to assure consistency between the primal and the form of the cost function.   is the price of units of the composite commodity of the i-th sector given by the price indices shown below in section 3.3, which depend on the market structure of the sector, and  is the wage rate in region r. The consumer maximizes utility, subject to her income constraint given by .  Equation  follows from substitution of the optimum values of consumption and leisure into the utility function and setting utility equal to one so that we have the optimum values necessary to generate one unit of utility. We provide details of the derivation in section 3.8 below.
[bookmark: _Toc63004701]3.2. Technology of the Composite Input.
We next explain equations  and  of the model. As is common in the literature,[footnoteRef:22] we assume that the inputs required for both fixed and marginal costs are identical, and the costs of these inputs may be represented by a function that is a linearly homogeneous, quasi-concave composite function of all inputs. We always assume that value-added inputs combine in a Cobb-Douglas nest, but we employ multiple treatments of intermediates.  With Cobb-Douglas demand for intermediates, the production technology for the composite input in the dual is given by : [22: See, for example, Helpman and Krugman (1985, p. 12), Costinot and Rodriguez-Clare (2013, equation 7), Balistreri and Rutherford (2013), Dixon et al. (2019) and Markusen, Rutherford and Tarr (2005, equations 5 and 6).  But see the discussion above regarding the alternate approach of Akgul et al. (2016) and Jafari and Britz (2017).] 

[bookmark: _Toc63004702]	3.2.1 Cobb-Douglas. With full Cobb-Douglas technologies, the unit cost function is:	


[bookmark: ZEqnNum164043]	    ,  	


 and  
The unit cost function of  is dual to the Cobb-Douglas production function: 


[bookmark: ZEqnNum297729]	            	 ,









where in sector i of region r, is both composite inputs and output in Armington sectors. In the monopolistic competition sectors, it is use of the composite input. is intermediate use of the aggregate good (either Armington or Dixit-Stiglitz) from sector j used as intermediates in sector i of region r; is use of primary mobile factor f in sector i of region r;  is use of primary specific factor f in sector i of region r ,and  is the Cobb-Douglas scaling parameter used to assure consistency between the primal and the form of the cost function.  We define composite inputs by, where is the benchmark value of composite input use and are the endogenous variables that take the value of one in the benchmark. This formulation makes it transparent that the endogenous variables for which we solve are the proportional changes.  Minimization of the cost of acquiring one unit of the composite input subject to the production function  in  yields the unit cost function .  If there are no intermediates, then the  parameters are all zero and we only have the Cobb-Douglas nest of primary factors.

[bookmark: _Toc63004703]3.2.2 Constant Elasticity of Substitution (CES). If we assume that intermediates and a value-added composite substitute with an elasticity of substitution , we have the unit cost function of . 

[bookmark: ZEqnNum602995],	

where .  The unit cost function of  is dual to the CES production function with value-added as one of the inputs: 




[bookmark: ZEqnNum856089]         . 		   


 is the Cobb-Douglas scaling parameter used to assure consistency between the primal and the form of the cost function.  Minimization of the cost of acquiring one unit of the composite input subject to the production function in  yields the unit cost function .  If there are no intermediates, then the  parameters are all zero and we only have the Cobb-Douglas nest of primary factors. 
[bookmark: _Toc63004704]3.3 Armington Prices and Quantities 	 


In figure 1, we display the circular flow of goods or services of a given sector i in region r. In the Armington model, the price of good i in region r is its marginal cost, which is . The delivered price to region s of good or service i includes the iceberg and tariff costs, i.e.,  . With model equation  which we rewrite here as , we define preferences in in the perfectly competitive sectors in the dual and assume that the price of a good or service is given by the unit cost of the constant returns to scale CES aggregation of prices of varieties from different regions. We discuss the Dixit-Stiglitz price aggregates in the Krugman and Melitz models in sections 3.4 and 3.5.  


[bookmark: ZEqnNum702567]  		

We note that the Armington price  is the price of the composite good or service i in region s available for all uses, which is for consumption or intermediates in our model. By defining the Armington aggregate price based on absorption shares (explained below in this subsection), we have a unique Armington price of goods or services in sector i of region s for all uses. This is consistent with standard gravity formulations (e.g., Anderson and van Wincoop, 2003; Balistreri and Hillberry, 2007; and Bernard et al., 2003) and data limitations that do not distinguish whether imports are used in final demand or as intermediate inputs.  It is also consistent with the standard monopolistic competition structure where there is a single price index representing a composite of different varieties.
The Armington price is dual to a good that is defined by the Armington aggregator function . 

[bookmark: ZEqnNum632833]	 	 		



where in sector i of region s, is the quantity of goods supplied by region r. The Armington good in any sector i is an aggregate of the goods supplied from different regions of the model and expresses the total quantity of an aggregate Armington good that is available for consumption and intermediate use. The quantities supplied from the different regions are not consumed by the representative agent or used as intermediates independently: they are demanded for consumption or intermediates only as a component of the Armington aggregate. Given the prices , consumers and firms optimize the purchases of the aggregate Armington good based on their expenditure and cost functions, which in the initial equilibrium determine the parameters of the Armington aggregate.  




We define the Armington composite quantity as , where is the benchmark value of composite Armington output of sector i in region s and is the associated endogenous variable that takes the value of one in the benchmark. Then  are the proportional changes in the Armington composite good or service in the counterfactual equilibriu.



To obtain the CES preference weights in , denote by the superscript 0 the values of these prices in the benchmark equilibrium, . Similarly, let = value of sales in the initial equilibrium of good or service i from region r into region s.[footnoteRef:23] Then   is the initial value of total absorption of good or service i in region s.   We can define the value share of good or service i from region r in total absorption of good or service i in region s in the initial equilibrium as:  [23:  In order to develop models close to the models of Costinot and Rodriguez-Clare (2014), we assume all final demand is consumption demand.  ] 



[bookmark: ZEqnNum877467]         			      where   		
Using the calibrated share form of the CES (Rutherford, 2002), for unit costs we have the following:

[bookmark: ZEqnNum654741]	.			

Define 	and substitute this into  to obtain . 

[bookmark: _Toc63004705]3.4 Krugman specific equations




	     Total costs for Krugman firms consist of a fixed cost and constant marginal costs of total output. As discussed above, we assume that the costs of all inputs may be represented by a composite cost function   or . We further assume that the inputs required for both fixed and marginal costs are identical. If the firm produces any output, it incurs a fixed cost ofunits of the composite input. Firms in region r do not face an additional fixed cost of exporting to market ; they do, however, face iceberg trade costs  All firms in a given region have identical costs, so we may represent total costs of all firms in sector k of region r by a representative firm total cost function: 


[bookmark: _Hlk20554452][bookmark: _Hlk15819490][bookmark: ZEqnNum205891]	    .	

We want to derive the demand for a variety of an individual firm in sector k of region r and sold in region s. Each firm chooses to produce a unique variety.[footnoteRef:24] Let  represent a variety produced by an individual firm in sector k of region r. Define: [24:  If two firms both produce the same variety, they obtain only one-half of the demand and will not be able to survive in equilibrium. ] 



= the price of variety in region s;


 = the quantity of variety in region s;


 = the operating profit of variety in region s (excludes the fixed costs of operation); and

= the set of varieties from sector k sold in region s by firms from region r. 
[bookmark: _Toc63004706]3.4.1 Firm price, quantity and profit.  We first write the Dixit-Stiglitz price index so that the individual firm varieties appear and the prices are not necessarily equal. We allow regional preference weights, but not firm level preference weights, and discuss calibration of the weights below. We have: 


[bookmark: ZEqnNum766959]	.	
The Dixit-Stiglitz price index is dual to the following quantity index[footnoteRef:25]:  [25:  We define the Dixit-Stiglitz composite quantity as, where is the benchmark value of composite Armington output of sector i in region s and is the associated endogenous variable that takes the value of one in the benchmark. A similar definition will apply in the Melitz model.
] 


[bookmark: ZEqnNum243103]	 	


We seek the demand function for an individual variety, in region s.  Since  is the minimum cost of acquiring one unit of good or service k in region s, and our technology is linear homogeneous, the 


conditional cost function of all varieties of good k in region s is: . Then from Shephard’s Lemma, the conditional demand function for an individual variety is . 


Define  as the terms inside the brackets of equation  so that: .  Then

 	 


where for the last equality we used . The demand for the individual variety is:

	 	

Since choice of the variety was arbitrary, we may write the demand for any variety as: 	

[bookmark: ZEqnNum578576]	. 	 

	         We define prices inclusive of tariffs, but the firm does not receive the tariff revenue. Then revenue of the firm is .


	   The quantity delivered to the consumer is net of the iceberg costs, so the firm must produce units for to be delivered to the customer.  Since the firm does not incur an additional fixed cost of exporting, we define operating profit for the individual firm in sector k of region r on sales in region s as:	

	 .
The first-order condition for profit maximization on this link yields:

[bookmark: ZEqnNum810394]		 

Define the “aggregates” of the demand for a variety on right side of  as .  Then rewrite the demand for a variety as:

	 	

The Krugman (and Melitz) model assumes large group monopolistic competition, in which firms assume they do not impact aggregates.  This implies the firm assumes that its price does not impact .  Using the Inverse Function Theorem for the derivative of the demand function, for the middle term in  we have: 		 

	 
	Rearranging, the price that maximizes profit for the individual firm in sector k of region r selling in region s includes a markup above marginal costs:


[bookmark: _Hlk15390173][bookmark: ZEqnNum417671]  	.		 






Firms charge a constant markup above marginal costs, where the markup increases as the Dixit-Stiglitz elasticity decreases toward one. Since costs are identical for all firms in a given sector and region, all firms in sector k from region r apply the same markup over costs in any market (differing by market depending on tariffs and iceberg costs); then we may drop the firm or variety index from the right-hand side of the price equation  and substitute for. This establishes equation .  Substitute for in the equation for demand for a variety . We see that all firms from sector k in region r produce the same quantity of sales in region s. Thus, we also drop the variety index regarding price, quantity and profits. In particular, all firms in sector k of region r selling in region s face the same demand curve, i.e., , and we write the demand for any varietyin region s as:


[bookmark: ZEqnNum809217]     .  	
This establishes model equation .



[bookmark: _Toc63004707][bookmark: ZEqnNum635470]3.4.2  Free Entry Condition. Free entry leads to zero profits, so accumulated operating profits across all markets just cover fixed costs. Rearrange , so we have . Substitute forin the operating profits of any firm from region r on sales to a particular region s. Operating profits are: .    

From  we see that any firm that is active in its home market will sell in all regions s since operating profits are positive in all regions. That is, the index s in the set is redundant. Summing over all regions s yields the zero-profit condition, which is model equation .


[bookmark: ZEqnNum400887]	      .	



Associated with the zero-profit condition is , the number of firms active in sector k of region r. [footnoteRef:26] Since there is a one-to-one correspondence between firms and varieties,  is the number of varieties in the set .  [26:  Despite the fact that does not appear explicitly in equations  or , it does appear in the Dixit-Stiglitz price index, which is equation , and the market clearance condition for use of the composite input, which is equation . In general equilibrium, equations and variables are interdependent and solved simultaneously; and as table 1 shows, we need a new variable associated with the zero-profit condition to have equality of equations and unknowns. Further, one could substitute for  from equation  and then substitute for from equation  and would appear in the zero-profit condition. The form of equation , however, facilitates economic intuition.] 

Use equation  to obtain:

[bookmark: ZEqnNum608662]	 	
Then substitute  into the Dixit-Stiglitz disaggregated price index,  to obtain model equation :


[bookmark: ZEqnNum555613]			      ;	  


Similarly, substitute for  into the Dixit-Stiglitz disaggregated quantity index  and use 

to obtain the Dixit-Stiglitz quantity index for this model. 

[bookmark: ZEqnNum855577]	 	

[bookmark: _Toc63004708]3.4.3 Constant Output per Firm. It helps with interpretation of results to show that output per firm is constant in this model. Substitute for price in  to get:

[bookmark: ZEqnNum948137]	 .	 
Rearrange to get:

[bookmark: ZEqnNum598050]	 	

[bookmark: _Ref66355155]Since is the amount of output firms of sector k in region r produce for sales in region s, the left-hand side of  is total firm output.  Since the right-hand side of  is constant, output per firm is constant, i.e., there are no rationalization effects in this model and results differ from Armington only due to the Dixit-Stiglitz variety externality. This result depends, however, on our assumption that fixed and variable costs share the same cost structure.[footnoteRef:27] [27:  At mentioned in section 1, some authors assume that variable costs may be represented by a linearly homogeneous composite function of all inputs, but fixed costs only use primary inputs, (similarly treated as a composite input). Let the unit cost functions for variable and fixed costs may be represented by and, respectively. In this case, equation  becomes, which was equation  above.] 






[bookmark: _Toc63004709]3.4.4 The Dixit-Stiglitz externality in the dual. Define  as the terms inside the brackets of the Dixit-Stiglitz price index in equilibrium, equation , so that . Partially differentiate with respect to for some . Given that , we have: 

[bookmark: ZEqnNum852836]	 	


Since  was chosen arbitrarily,  holds for all . This shows that the cost of a unit of utility in region s, declines (increases) as the number of varieties from any region r increases (decreases).
[bookmark: _Toc63004710]3.4.5 The Dixit-Stiglitz externality in the primal. In equilibrium of the Krugman model, the Dixit-Stiglitz quantity index in region s of goods in sector k may be written in the form of equation . Note that equation  may be rewritten as a Dixit-Stiglitz aggregate of Dixit-Stiglitz sub-aggregates of goods from the regions r. That is, 


	 ,	
where: 


   
  
	Now consider the impact of an increase in the number of varieties on one of the Dixit-Stiglitz sub-aggregates. 	 

	 


The cost to users in region s of all varieties of goods in sector k from region r is  which increases in proportion to the number of varieties. But since > 0, the value to consumers or effective supply to firms increases more than proportionately with the number of firms. 

[bookmark: _Toc63004711]3.4.6  Preference Weights in the Dixit-Stiglitz Price Equation of the Krugman model. Using from , the calibrated share formula for the Dixit-Stiglitz price index is:

		

where the superscript 0 denotes the value of the variable in the benchmark equilibrium. We take [footnoteRef:28] and define:  [28:  We have shown that the welfare results are independent of the initial value of the number of Krugman firms. ] 


	 

Substituting  into the calibrated share form of the CES price aggregator, we obtain, which is equation  of the model. 
[bookmark: _Toc530151196][bookmark: _Toc63004712]3.5 Melitz specific equations




[bookmark: _Toc63004713]3.5.1 Firm Basics. Since we desire to calibrate our model to real data, we generalize the model of Melitz (2003). Among our extensions are that we allow for asymmetry among the regions of the world, for multiple sectors, intermediates based on real data, the possibility of alternate elasticities of substitution in the cost function of the firm, labor-leisure choice, multiple factors of production, both mobile and specific factors of production, and initial tariffs in addition to iceberg trade costs. As in Melitz (2003), we assume there is a continuum of firms each choosing to produce a unique variety; let represent a variety produced by an individual Melitz firm in sector m of region r. All Melitz firms in sector m of region r incur a sunk entry cost (equal to ) of entering the market prior to knowing its productivity.  All these firms also incur a fixed cost of selling in any market (). Unlike in Melitz (2003), we do not assume that . This latter condition assumes that if a firm chooses to export, it incurs a larger fixed cost of serving any market other than its home market. With homogeneous regions, as in Melitz (2003), this latter condition is required to produce the result that all active firms sell in the home market, but only a fraction of them export. We show in section 4, however, that with heterogeneous regions, it is possible that some firms export without selling in the home market. This could occur, for example, if the size of the home market is small relative to the export market or if the preferences of home market consumers for the product the firm produces is low compared with preferences of consumers in some foreign markets. In our calibration of the model, we allow the data to tell us the relationship between home market and foreign market fixed costs.




After entering the market, the firm receives a productivity level as a random draw from a probability density function (pdf) . In the first three subsections, we allow to be a general pdf of a continuous random variable that takes positive values, subject to the convergence of the integrals. In section 3.5.4, in order to solve the model for the cutoff productivities and other parameters, we restrict to the Pareto probability distribution (untruncated above) with shape parameter a and lower bound b.  We replace the variety indicator from the price, quantity, profit and revenue functions with the productivity of the firm. 

For a firm in sector m of region r producing a variety with productivity  and selling in region s, define: 

= the firm’s gross price in region s;

= the firm’s quantity of sales in region s;

= the firm’s profits in region s; 

= the firms’ revenue in region s.




Define  as the set of productivities of firms in sector m of region r that sell in region s.  The sets of productivity values will have different minimum values depending on the export market s.  Define  = total operating costs of the firm in sector m of region r. Total operating costs for active Melitz firms with productivity , include the (constant) marginal costs of output and the fixed cost of serving any market in which they are active, but they exclude the fixed entry costs:

[bookmark: _Hlk15819753]	,	


where .[footnoteRef:29]  Fixed entry costs are equal to:.  [29:  As in the Krugman model, as common in the literature, we assume that the inputs required for all fixed costs and marginal costs are identical, and the costs of these inputs may be represented by a function that is a linearly homogeneous, composite function of all inputs. In the heterogeneous-firms case, this assumption also applies to the sunk entry costs. ] 


[bookmark: _Toc63004714]3.5.2 Firm Level Prices, Quantity, Profits and Revenue. There is a continuum of demand functions. To obtain the demand for the variety of an individual Melitz firm in sector m of region r selling in region s, we write the Dixit-Stiglitz price index as  :


[bookmark: ZEqnNum931697]	  	
The Dixit-Stiglitz price index is dual to the following quantity index: 

[bookmark: ZEqnNum701759]		



We want to derive the demand for an individual variety. Denote an individual variety in sector m of region r as .  Analogous to the Krugman case, we use the linear homogeneous property of the CES and the fact that Dixit-Stiglitz price in  is the minimum cost of acquiring one unit of the Dixit-Stiglitz good to write the conditional cost function as: . We then apply Shephard’s Lemma to the conditional cost function to get that the demand function of an individual variety as:  . 


	Define  as the terms inside the brackets of : . We have:

	 
where we used the property that:

[bookmark: ZEqnNum505186] .[footnoteRef:30] 			 [30:  In order to derive the demand for an individual variety with a continuum of varieties, authors implicitly or explicitly use the property in equation . But we have not seen a published proof of this property. Some authors cite Dixit and Stiglitz (1977) for proof, but that paper exclusively employed a finite number of varieties. In an earlier version, Dixit and Stiglitz (1974) employed a continuum of varieties; but   was asserted without proof in that paper. Here we summarize the intuition for this property and the on-line proofs we have found follow.

For intuition, suppose we have a sum of a finite number of varieties as in our Krugman model: 
		 
The partial derivative of this sum with respect to a particular term (or variety) is straightforward from basic calculus and equals:
 	 			 

which is the right-hand side of equation .  The partial derivative of this sum is unchanged for any finite number of varieties. Heuristically, as the finite number of varieties becomes very large, this partial derivative should approach the partial derivative of the continuum case in . 

We refer the reader to three proofs available on-line. The first proof applies a theorem in the calculus of variations applied to CES optimization problems with a continuum of commodities. It is due to J. Bhattacharya (2014), “Consumer Optimum in an Economy with a Continuum of Commodities,” November 23. Available at: https://economics.stackexchange.com/questions/210/consumer-optimum-in-an-economy-with-a-continuum-of-commodities. The second proof builds on the intuitive argument above. At the link above, Alecos Papadopoulos argues that, based on a theorem by Craven (1970) in the Bulletin of the Australian Mathematical Society, we may differentiate the integral as if it were a finite sum.  A third proof relies on the concept of a functional derivative and may be found at the link: “Regarding a consumption aggregator: How do I differentiate under the integral?” November 3, 2016. Available at: https://economics.stackexchange.com/questions/14068/regarding-a-consumption-aggregator-how-do-i-differentiate-under-the-integral-si?noredirect=1&lq=1.  
] 


Then the demand for is: 

[bookmark: ZEqnNum186363].		




Since the selection of the individual variety  was arbitrary,  holds for any variety  and we may replace with in  yielding: 

[bookmark: ZEqnNum718523]	. 	


To simplify notation, define as the “aggregates” in the demand curve of the individual firm: .  Then

[bookmark: ZEqnNum864199]	.	
Profit for the individual firm in sector m of region r selling in region s is:

[bookmark: ZEqnNum700217]	 	
Profit maximization analogous to the Krugman case above yields the optimal price for the individual firm: 

[bookmark: ZEqnNum921852]	 .	

We make three observations about prices of firms in sector m of region r selling in region s. We see that more productive firms charge lower prices, i.e.,  and, from the demand curve in , sell larger quantities. Second, since in the home market tariffs are zero and iceberg costs are unity, the firm’s export prices to market s differ from its home market price by a term that is the product of its iceberg and tariff costs. 


	     and     	
Third, from equation , the ratio of the prices of two firms from sector m in region r active in market s, is inversely related to the ratio of their productivities.  

[bookmark: ZEqnNum341311]	 	

Revenue of the firm in sector m from region r with productivity  on sales in region s is:

[bookmark: ZEqnNum320396]	. 	

We note that  , revenue on exports to market s increases with the firm’s productivity. 


The ratio of the revenue of any two firms in sector m of region r on their sales in region s may be expressed as a function of the ratio of productivities and the Dixit-Stiglitz elasticity.  To simplify notation, define , so  .  Then

[bookmark: ZEqnNum859017]	   	


Rearrange  as . Substitute this expression for in equation  and add the fixed costs of selling in region s to both sides to obtain the operating profit of the firm in market s. Operating profits in market s are: 

. The firm’s profits on sales in market s are: 

[bookmark: ZEqnNum649966]	  	  

Define  as the productivity cutoff for firms in sector m of region r selling in region s. The productivity draw of firms does not depend on the destination market. Due to our regional heterogeneity, however, the zero-profit productivity cutoff depends on the parameters of the export market. Therefore, the productivity value that yields zero profit may be represented as:

[bookmark: ZEqnNum424609]	 .	

From the , take ; we have:

[bookmark: ZEqnNum532098]	.	

Substitute for  from  into  for profits. We have: 

	 

      	     						             	

For productivity values below the zero-profit cutoff, the firm will not sell in market s:.




[bookmark: _Toc63004715][bookmark: _Hlk63576558]3.5.3 Aggregate and Representative Firm Variables. For the definition of the aggregate variables, we may retain generality of the pdf defined as a continuous random variable that takes only positive values, subject to the constraint that the relevant integrals below exist. Define the continuous probability density function (pdf) of the positive productivities faced by firms in sector m of region r as , and let  be the cumulative distribution function for this pdf. Given that firms from sector m of region r are not active in a market s for ,  is the probability that the firm is not active in market s. Then the probability that the firm is active in market s is:

	 	




Let y be any real number with . We seek , the conditional distribution function for the random variable  conditional on . For notation, let C be a subset of the set of possible outcomes of a random experiment, and P[C] be the probability of the event C (or the probability measure of the set C).  Define the sets:



 and  . We have .  




Note that for any , the conditional probability of A given B (denoted ), is equal to the value of the conditional cumulative distribution function. i.e., . Since by definition , we have:

	 

Then the conditional pdf of productivities, conditional on the firm of sector m in region r being active in market s, is (at each point of continuity of ):

	 	 

 	Representative Firm Productivity. Define the productivity of our representative firm from sector m in region r that is active in export market s as  where 

[bookmark: ZEqnNum579714]	 	

The productivity of our representative firm is indexed by the destination market since the zero-profit productivity value cutoff depends on the destination market. We may rewrite  as: 

[bookmark: ZEqnNum413940]	.	 







[bookmark: _Hlk66184578]We make repeated use of . In this form, it is evident that is equal to  the mathematical expectation of  conditional on .  Substitute the particular productivity value for into , the optimal price equation of the firm. We have

[bookmark: _Ref66355262][bookmark: ZEqnNum123808]  [footnoteRef:31]			 [31:  As Dixon et al. (2018, 180-181) noted first, Akgul et al. (2016, equation 12) make assumptions that reduce the generality of the heterogeneous-firms model. That is, they assume that ,  where they define  as the average productivity of firms in sector m of region r.  That is, the price of the representative firm in sector m of region r is identical in all destination markets s; it does not differ by destination market based on the data relevant to the destination markets: neither by the trade (tariff) margins nor the transport (iceberg) margins nor does the representative firm differ by destination market. This is unlike in Melitz and in our equation , where the price of the representative firm (and the representative firm itself) differs by market based on its bilateral productivity, trade (tariff) and transport (iceberg) margins.

] 





which is equation  of the equations of the model, where we use the notation . Similarly, for quantity, revenue and profits, define: ; ; and .
	The Dixit-Stiglitz Price Index in Terms of the Representative Firms Prices. Using our conditional pdf, rewrite the Dixit-Stiglitz price index of :

[bookmark: ZEqnNum443589]	 	

where is the mass of firms in sector m of region r that sell in region s.
The value of the integral in equation  is:

	 

Substitute for the integral in  to rewrite the Dixit-Stiglitz price index as:

[bookmark: ZEqnNum166459]	 	
which is equation  of the equations of the model. 

	Since , the Dixit-Stiglitz price index for good m in region s, declines in the mass of varieties for any region r. 

	The Dixit-Stiglitz Quantity Index in Terms of Representative Firm Quantities. In , choose ; then the demand for the representative variety is:

[bookmark: ZEqnNum245958]	, 	
which is equation  of the equations of the model.
Analogous to the Dixit-Stiglitz price index, we may use our conditional pdf to rewrite the Dixit-Stiglitz quantity index of equation  as:

[bookmark: ZEqnNum368926]	.		
From equation  we have:

[bookmark: ZEqnNum278256];					
and from equation  we have: 

. 


Choose and   in equation , then we have:

[bookmark: ZEqnNum640781]	 	
Substitute from equation  into  to obtain: 

[bookmark: ZEqnNum639772]				 			
 Substitute from equation  into the integral of equation . We have:

[bookmark: ZEqnNum585113]		

Substituting from  for the integral in  , the Dixit-Stiglitz quantity index may be written as a function of representative firm quantities:

	 	
	Aggregate Industry Revenue in Terms of Representative Firm Revenues. Using , the expected revenue for an individual firm in sector m of region r on sales in region s, conditional on the firm being active in region s, is:

	

[bookmark: ZEqnNum111257]	 	

For aggregate revenue, , for all firms in sector m of region r on sales in region s, we must aggregate over the mass of firms. This is:

[bookmark: ZEqnNum447390]	 	

For aggregate revenue for all firms in sector m of region r on total sales to all regions, , we must aggregate over all regions. This is:

	 	
Aggregate Sector Profits in Terms of Representative Firm Revenues. For aggregate profits, we use . The conditional expected profits for an individual firm in sector m of region r on sales in region s are:

	 

 For aggregate profits for all firms, , in sector m of region r on sales in region s, we must aggregate over the mass of firms:

		 

For aggregate revenue for all firms in sector m of region r on total sales to all regions, , we must aggregate over all regions. This is:

	 	

Summarizing these four aggregate relationships, we have: 

	 	
	
[bookmark: _Toc63004716]3.5.4 The Pareto Distribution. The free-entry equilibrium condition, the zero-profit cutoffs and the representative firm productivity level depend on the pdf.  We assume a Pareto pdf that is untruncated above. We have

	; equal zero otherwise, where a and b are positive.

The cumulative distribution function for the Pareto distribution is:  .   


Taking  in the cumulative distribution function for a Melitz firm m in region r, the conditional Pareto pdf (conditional on the productivity exceeding ) is:

		 

	 . 

[bookmark: _Toc63004717]3.5.5 Selection or Zero-Profit Cutoff. We first solve for zero-profit productivity cutoff for selection into each market in terms of the representative firm productivity.  Take  in  to get:

[bookmark: ZEqnNum651892]	 	
Given the conditional Pareto pdf, we may derive the ratio of the productivity of the representative firm to the zero-profit productivity cutoff. The productivity of our representative firm is:

 ,

where we assume that 	for the integral to converge.[footnoteRef:32] Then, we have  [32:   where we assume  for the limit term to converge, in which case it equals zero. ] 


[bookmark: ZEqnNum959072]	 .	
Substitute  into  to yield:

	    or      

[bookmark: ZEqnNum863358]   		

From , we have that  ;  then:

[bookmark: ZEqnNum830687] , 			             	
where we used .  So we may replace representative revenue in  with representative price times quantity over tariff revenue, yielding . Equation  is the zero-productivity cutoff condition in terms of the representative firm’s profits, which derives equation  of the equations of the model.

[bookmark: ZEqnNum314887]		
[bookmark: _Toc63004718]3.5.6 Free Entry Equilibrium Condition. We use the various aggregates derived above for the firm’s expected profits, revenue, price and quantity. The conditional expected profits for an individual firm in sector m of region r on sales in region s are:


	     	



	Following Melitz (2003), we assume that these profits are steady-state profits. But there is an annual probability of death of the firm  where , so that  is the probability of survival. The conditional expected profits into the indefinite future of a potential entrant into sector m of region r on sales to region s are:   

	 

                             	. 	

A potential entrant will realize these profits with probability .  The free entry equilibrium condition is that the conditional expected profits into the indefinite future of a potential entrant summed over all markets just equals the sunk costs of entering the market:

[bookmark: ZEqnNum827819]		 

 Since in the steady state equilibrium  is equal to the share of entering firms in sector m of region r that are active in market s, we have:

	 .
Then we rewrite  as:

[bookmark: ZEqnNum582319]	.	 


From , substitute for into  and simplify. This gives us equation , the free entry condition of the equations of the model:  

 			 			
The free entry equilibrium condition is that the conditional expected steady-state profits into the indefinite future of a potential entrant summed over all active markets just equals the sunk costs of entering the market:

[bookmark: _Toc63004719]3.5.7 Representative Firm Productivity Level. The Pareto cumulative distribution function is:




  . The probability that the firm’s productivity is greater than or equal to  is , which in equilibrium equals the share of entering firms that are active in market s. Thus, we may solve for from


[bookmark: ZEqnNum947388]	   yielding    	

Using , and substituting from  for we have:

	 	
  This is equation  of the equations of the model. 

[bookmark: _Toc63004720]3.5.8 Preference Weights in the Dixit-Stiglitz Price Equation of the Melitz Model. We may relate the preference weights in , the Dixit-Stiglitz price index of the model, to value shares of absorption in the benchmark data. In the Melitz case, the calibrated share formula for the Dixit-Stiglitz price index is:

[bookmark: ZEqnNum469299]		


where the superscript 0 denotes the value of the variable in the benchmark equilibrium and the value shares  are defined in  where we substitute the subscript m for i. We take  and define: 

	 

Substitute  into  and we obtain equation . 

[bookmark: _Toc63004721]3.6 Market Clearance Conditions. 

[bookmark: _Toc63004722]3.6.1 Supply and Demand Balance for Domestic Use. The total quantity supplied of good or service i in region r from all regions is . In equilibrium, this must equal the sum of consumer and intermediate demand.  Since we have linear homogeneous demand functions for both final and intermediate demand, the compensated demand function for final goods is obtained by applying Shepard’s Lemma to the unit expenditure function and multiplying by total final demand in the economy. This gives us the first term on the right-hand side of . For demand for good i as an input in sector j of region r, we apply Shepard’s Lemma to the unit cost function for inputs in sector j and multiply by total demand for intermediates in sector j.  Sum over all sectors j to arrive at second term on the right-hand side of .  The market clearance conditions of supply and demand are given by:

[bookmark: ZEqnNum573021]	.  				

In , the price depends on the market structure of the sector. The price index  is defined by ,  or  , depending on whether the market structure is either Armington, Krugman or Melitz, respectively.  
[bookmark: _Toc63004723]3.6.2 Market Clearance of Good i in Region r in all uses for Armington Goods. Under Armington, the unit cost of good i in region s is given by :


 


and the associated price of good i from region r in region s is . Applying Shephard’s Lemma to the unit cost function and scaling by total demand for good i in region s, gives us total demand for good i from region r in region s: 

	 

Firms in region r, must ship  units of good i to region s for one unit of good i to arrive in region s. Incorporating the additional output required to cover the iceberg costs and differentiating  gives us our market clearance condition for Armington goods: 


	   ,	


[bookmark: _Toc63004724]3.6.3 Market Clearance of Good k in Region r in all uses for Krugman Goods. For the monopolistic competition models, we must account for the use of the composite input for both variable and fixed costs. Given the cost function in , use of the composite input by Krugman firms for its variable costs for its sales to all markets is equal to . Krugman firms also incur a fixed cost of operating which is also defined in units of the composite input.  Then is the total use of the composite input by a single firm in sector k of region r. Supply and demand balance for the total use of the composite input in a Krugman sector in region r is: 


[bookmark: _Hlk20553506][bookmark: ZEqnNum651863]		          ;			
[bookmark: _Toc63004725]3.6.4 Market Clearance of Good m in Region r in all uses for Melitz Goods. We first want to find the amount of the composite input required for variable costs to produce the output of all firms in sector m of region r on their sales in region s. We use the notation developed above:

 


where and  .  	


is the amount of the composite input required for variable costs by a firm in sector m of region r with productivityfor their sales in region s. Aggregating over all firms in sector m of region r on their sales in region s, we get: 

	 	
		
[bookmark: _Hlk66896693]In addition, we must account for the use of the composite input to cover the fixed costs of operation and sunk entry costs. Summing over all markets, gives us the Melitz market clearance condition: 


[bookmark: ZEqnNum868174]	   .	 
[bookmark: _Toc63004726]3.6.5 Market Clearance for primary factors. The demand for a sector-specific factor of production f used in sector i of region r is obtained by applying Shephard’s Lemma to the unit cost function of sector i of region r. The unit cost function is defined by either  or . Given the linear homogeneous demand function, we scale the demand based on one unit of output by total output to obtain the total demand for the specific factor.   


	               .	  

For primary mobile factors of production, we account for demand across all sectors :


	    . 	
Leisure demand is given by the final term on the right-hand side, which is non-zero only if the factor is labor and we have chosen a non-zero elasticity of labor supply. 

[bookmark: _Toc530151197][bookmark: _Toc19085839][bookmark: _Toc63004727]3.7 Income balance and numeraire

	The model is based on relative prices (the model is homogeneous of degree zero in nominal prices). We define the numeraire as the price of a unit of utility in the United States, i.e., . All prices are relative to this numeraire. 
	In terms of units of the numeraire, we must have nominal income equal expenditures of the representative agent in region r. Income equals the value of factor endowments plus any tariff revenue plus the value of any capital account surplus in the benchmark equilibrium, where we hold the capital account surplus constant in any counterfactual.

[bookmark: ZEqnNum877709]	 	
                                    



[bookmark: _Hlk19882224] The first two terms on the right-hand side of  are the values of mobile factor endowments and sector-specific factor endowments, respectively.  With no labor-leisure choice, the initial total labor supply is the endowment. With labor-leisure choice, the endowment of the representative agent is the total time endowment; then income is “full” income, as it includes the imputed value of leisure. The third term is the value of tariff revenue collected in all Armington sectors.  The quantity demanded in region r of imports of good or service i from region s is: .  For each unit of good i from region s that arrives in region r, exporters charge for the melt, which is units for each unit that arrives. The tariff in region r is assessed on the value per unit.

The fourth term is tariff revenue collected in Krugman sectors.  The customs value of imports from all Krugman firms in sector k of region s into region r equals . We then apply the tariff rate on these imports and aggregate over all regions and Krugman sectors.     
The fifth term is tariff revenue collected in Melitz sectors. Using equations ,  and  ,  the customs value of imports from all Melitz firms in sector m of region s into region r equals: 

[bookmark: ZEqnNum326807]	 	
To obtain the fifth term in , we apply the tariff rate to the value in  and sum over all Melitz sectors and regions.  
	The final term allows for non-zero trade balances based on the data. A trade deficit augments the income available to the representative agent to spend on goods and services. We hold the trade deficit constant in any counterfactual to avoid providing a permanent free lunch that would distort the welfare analysis. 
[bookmark: _Toc63004728]3.8 Hicksian Equivalent Variation and its Equivalence to the Change in Real Income 
	The real income of the consumer equals the quantity associated with full consumption, giving us:


[bookmark: _Hlk29463014]	         .	





where  was defined in section 2.1.2 as the minimum expenditure required to obtain one unit of utility,  is the initial value of aggregate consumption,  is a scalar that takes the value of one in the initial equilibrium and  is the optimized value of . We derive Hicksian equivalent variation and show that, in our model, it is equivalent to the change in real income.
[bookmark: _Toc63004729]	3.8.1 No Labor-Leisure Choice Case. We first derive Hicksian equivalent variation in the case of no labor-leisure demand. We have that utility in region r is given by:




	  with   and      . 	






We write utility  to make it clear that the variable for which we solve, , is the proportional change in the initial value of consumption.  Here the are homothetic sub-utility functions (CES functions in our case) with price indices dual to the sub-utility functions. This allows two-stage budgeting, where at the top level the consumer decides how much to spend on each aggregate good , then optimizes expenditures on each aggregate good subject to the income allocated to expenditure on the aggregate good. This allows us to conduct welfare analysis at the top level. To achieve consistency with the form of our expenditure function, we take a monotonic increasing transformation of the standard Cobb-Douglas utility function.


Maximization of  subject to the income constraint   yields the optimum consumption values:




	         and  	

Define  as:				

[bookmark: ZEqnNum239826].						
Indirect utility in region r is:	

[bookmark: ZEqnNum588231]	   	     






[bookmark: _Hlk29462927]where is the optimized value of . Denote   as the expenditure function. Given that the expenditure function is the minimum expenditure necessary to reach utility level at prices  ,  i.e., , substitute into  to get:

[bookmark: ZEqnNum233347]								  


Setting indirect utility equal to 1, we see from  thatis the minimum expenditure necessary to get one unit of utility, and  serves as our price index:   

[bookmark: ZEqnNum193311]	.	 


Substitute  for in  to yield equation 

					  			            





In region r,  define and  as income in the benchmark and counterfactual equilibria, respectively; and   where 0 and 1 denote the benchmark and counterfactual equilibria, respectively. From , we have that:


	 	
Then Hicksian equivalent variation is:

[bookmark: ZEqnNum151636]	

 We want to show that the change in real income is equal to EV. Real income is .  The change in real income is:

[bookmark: ZEqnNum456747]	 	


 Multiply  by  . We have

      


i.e.,               		 			


In general, we choose units such that prices are unity in the benchmark. If all prices are one in the initial equilibrium, the initial price indices  are unity, and we have that EV equals the change in real income. However, given the presence of tariffs, not all prices can be equal to one. The MPSGE software, however, does an additional scaling of units, so that the price indices  are unity in the benchmark. With this scaling, the change in real income equals Hicksian equivalent variation.  
[bookmark: _Toc63004730][bookmark: _Hlk24782915]3.8.2 Extension to Labor-Leisure Choice. To incorporate labor-leisure choice, we need to define the following notation:


= the wage rate of labor (this variable is for f = L in the equations of the model);
l and L as the time devoted to leisure and work, respectively; 
EN = the total time endowment of the consumer-worker;

 = non-labor income of the consumer-worker.

We define the composite commodity in region r as   and substitute it into  yielding:

[bookmark: ZEqnNum759668]		

Since this derivation applies for all regions r, to simplify notation we suppress the region subscript r in this subsection. Since C is homothetic and has the dual price  defined in , we may employ two-stage budgeting once again to determine the demand for leisure and the composite commodity C.  




We have that EN =  and  . Taking the imputed value of time as part of “full income,” we define full income as:.  We maximize  with respect to l and C subject to “expenditure” on leisure and commodities being equal to full income.  This is the usual CES optimization, yielding:


    and  				


[bookmark: _Hlk24782997] where     is the minimum cost of a unit of utility when there is a labor-leisure choice, where we use  to substitute for .  Substitute the optimal values of l and C into , yielding indirect utility[footnoteRef:33]: [33:    ] 


[bookmark: ZEqnNum134644]	, 	



where  is the optimized value of . Using the property of the expenditure function that: , with labor-leisure choice the expenditure function is:

	 .	


Choose ; we obtain that our unit expenditure function is our price index  and 


[bookmark: ZEqnNum190441]	  	


 which is the unit expenditure function  of the model. Substitute  for in  and we have equation  of the model. 

To obtain the relationship between equivalent variation and the change in real income, substitute  for P in  and . We have:


	  and  	
	

	 .	
With the regional identifiers and using , we have:



 	       .	

We scale units of goods, services and labor, such that the initial prices and wage rate yield . With this scaling of prices, we have equivalence of Hicksian equivalent variation and the change in real income with labor-leisure choice for each region. 

	
[bookmark: _Toc63004731][bookmark: _Hlk24993719]4. Market Productivity Cutoffs: Impact of Market Size and Preferences

	For firms in any region r of our model, we derive the condition for the ratio of the zero-cutoff productivity in any of its export markets s to the zero-productivity cutoff condition in its home market: . We show that iceberg costs and tariffs lead to a higher zero-productivity cutoff for exporting than for sales in the home market. Further, if there are higher fixed costs of exporting compared to fixed costs of selling in the home market, then relative fixed costs as well as tariffs and iceberg costs all lead to the Melitz (2003) result with homogeneous regions that exporting firms are a proper subset of firms that sell in the home market and support the stylized fact that exporting firms are a minority of total firms in any region. But with heterogeneous regions, we could find that some firms find it profitable to export to some markets without serving the home market. For example, Jakubiak et al. (2006) report that they surveyed 510 Ukrainian firms that export to the European Union. They indicate that about ten percent of these firms report that they do not sell in Ukraine. This could happen if there are large export markets relative to the home market or relatively weak home market preferences for the product of a sector. Feenstra (2010, equation 19) derives a similar condition for a one-sector model with two heterogeneous regions.  We extend Feenstra’s result to an arbitrary finite number of sectors and regions.


From , we have: . Then, the ratio of the revenues at the zero profit cutoffs is:

[bookmark: ZEqnNum532135]	 	





Equation  holds for all . Choose r = s as the destination region in  and substitute for  and for . We have that:

[bookmark: ZEqnNum500065]	 	



We want to express in terms of .  


 


Where we define . Divide both sides by  to obtain: 


	 and, in particular,  .


Substitute for in  and use  to get  

	 	
Rearranging, we have

[bookmark: ZEqnNum548115]		


The iceberg costs and the tariffs lead to a higher zero-productivity cutoff for exporting than for sales on the home market. If the fixed costs of exporting are higher than the fixed costs of serving the home market, these would also lead to a smaller share of firms in a sector of a region exporting.[footnoteRef:34] Thus, these parameters on the right-hand side of  are consistent with the stylized fact that exporting firms are a significant minority of total firms of a region and exporting firms are larger. On the other hand, anything that contributes to  being less than one could lead to some firms exporting without serving their domestic market.   [34:  It is possible, however, that there are cases where fixed costs of exporting to some region are lower than fixed costs of serving the home market. For example, regulatory costs may be higher in the home market.] 


	 	
Notably, for firms in small home markets, there may be sufficiently large export markets such that the zero-productivity cutoff for exports is lower than the home market zero-productivity cutoff; this would result in some firms exporting without selling in their home market. 
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[bookmark: _Toc63004733]Figure 1: Circular Flow: Armington Model for Good i in Region r.
Arrows indicate the physical flows of goods or services in sector i of region r. Payments go in the opposite direction.*
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*The utility activity demands goods or services from all the Armington activities j for all .

**The production activity in sector i uses intermediates from all the Armington activities j for all .  
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