
A Bayesian Method to Re
on
ileCon�i
ting Input-Output DataDRAFT VERSIONRodrigues, João F. D.∗April 15, 2011Abstra
tAt the heart of a CGE model lies an input-output (IO) model, i.e.,the set of transa
tions taking pla
e in the e
onomy in the base-lineyear. For example, the GTAP 7 database 
onsists, to some extent, to alarge mult-regional IO model for the year 2004. The 
ompilation of thislarge data set has to deal with the problem of re
on
iling potentiallyin
onsistent data. Currently this pro
edure is performed using simplesimple methods (RAS or least square minimization) and a good deal ofexpert knowledge. In this paper we derive a Bayesian method to obtaina 
onsistent and fully determined set of posteriors when the priors arein
onsistent and there is a set of known topologi
al 
onstraints of arbi-trary stru
ture. The expression relating priors (in
onsistent data) andposteriors (re
on
iled data) is obtained by the appli
ation of the max-imum entropy prin
iple and its properties are dis
ussed. In general,the posteriors form a ve
tor of multivariate trun
ated Gaussian ran-dom variables. This distribution approa
hes the Gaussian distributionin the limit of low un
ertainty and the exponential distribution in thelimit of high un
ertainty. Using invarian
e 
onsiderations we derive anumeri
al iterative implementation that takes the form of a generalizedleast squares method. We present a real appli
ation (60x60 symmetri
IO table) to illustrate the behavior of the method and to 
ompare itsperforman
e against 
onventional methods. The numeri
al implemen-tation is slightly more 
omplex than 
onventional methods. However,the adjustment from prior to posterior is more strongly 
orrelated to
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the initial un
ertainty of the data points in the Bayesian method. Ifthe data set is large, it is ne
essary to store data and perform algebrain sparse format.KEYWORDS: Input-Output (IO) Analysis; Bayesian approa
h; maxi-mum entropy prin
iple (MEP); 
on�i
ting data; un
ertainty; trun
ated Gaus-sian distribution.1 Introdu
tionInput-Output (IO) Analysis is the �eld that deals with the 
ompilation ofma
ro-e
onomi
 transa
tion data in IO tables, and the use of those tablesto 
ompute indire
t e�e
ts su
h 
hanges in employment or 
arbon emissionsembodied in �nal 
onsumption (Miller and Blair, 2009).In the 
ompilation of an IO table it is often the 
ase that, for a parti
ularelement, there is only partial information in the form of row and 
olumn sumsand the value of that element in a previous year. Many methods exist forthe IO estimation problem, su
h as the biproportional or least-squares fam-ilies (Mesnard, 2004). Within this subje
t, there has been re
ent attentiondevoted to the problem of re
on
iling 
on�i
ting 
onstraints (Lenzen et al.,2009; Rampa, 2008). These problems are usually addressed by taking intoa

ount only the best (available) guess of a given value, and not its un
er-tainty. The un
ertainty of sour
e data is sometimes but not often reportedin IO analysis (Lenzen, 2001; Lenzen et al., 2010; Oosterhaven et al., 2008).The goal of the present paper is to 
ontribute to this literature by present-ing a method that 
an re
on
ile in
onsistent entries in an IO table, takinginto a

ount 
on�i
ting information of arbitrary form and the un
ertainty ofthe sour
e data. We a
hieve this goal by taking a Bayesian approa
h (Jaynes,1983) to un
ertainty in IO analysis (Weise and Woger, 1992).The elements of an IO table are aggregate e
onomi
 transa
tions, non-negative quantities of whi
h a best guess and an asso
iated un
ertainty areknown. Under these 
onditions, the Maximum Entropy Prin
iple (MEP) ofJaynes (1957) imposes that IO transa
tions are random variables of trun
atedGaussian distribution. In a Bayesian 
ontext, the problem of re
on
iling 
on-�i
ting 
onstraints is addressed by applying the MEP to all IO transa
tions,whi
h are 
onne
ted by topologi
al 
onstraints (row and 
olumn sums). Wedis
uss the 
onne
tion between the Bayesian approa
h and the 
onventionalbiproportional (RAS) and least square (LS) methods, whi
h 
an also be de-rived using the MEP. The re
on
iliation algorithm we propose turns out to
ombine features of the re
ently proposed KRAS (Lenzen et al., 2009) andSWLS (Rampa, 2008) methods. We make use of invarian
e 
onsiderations2



(Jaynes, 1973) to derive the sequen
e in whi
h the MEP algorithm is applied.After deriving the Bayesian theory of the re
on
iliation of 
on�i
ting data wepresent a simpli�ed 
omputational algorithm, and illustrate its appli
ationto a national 60x60 symmetri
 IO table.The stru
ture of the paper is as follows. In Se
tion 2 we review 
urrentmethods for IO estimation and present the ba
kground Bayesian theory. InSe
tion 3 we derive the Bayesian theory of IO un
ertainty. In Se
tion 4 wereport the numeri
al algorithms to determine the posteriors (re
on
iliationof 
on�i
ting 
onstraints). In Se
tion 5 we present examples, to illustrate theproposed methods and to 
ompare them with 
onventional methods. Se
tion6 
on
ludes. An Appendix reports useful numeri
al approximations for thetrun
ated Gaussian distribution.2 Review2.1 Estimation in IO AnalysisEstimation o

urs in IO Analysis under di�erent 
ir
umstan
es, of whi
h themost thoroughly explored, is the 
ase of known numeri
al 
onstraints (rowand 
olumn sums for the 
urrent year) and an initial guess (from a previousyear) for the e
onomi
 transa
tion.The most popular strategy to address this problem is the use of bipro-portional methods in whi
h the original matrix is iteratively multiplied bya left and a right perturbation diagonal matri
es, until the row and 
olumnsums are satis�ed. The �rst su
h te
hnique to be used in IO analysis was theRAS method (Stone et al., 1942), whi
h has been extended in many ways,as reviewed in Lahr and Mesnard (2004). An important step was taken byBa
hara
h (1970), whi
h noted hat RAS is the solution of a maximum en-tropy (MEP) problem, the minimization of relative entropy (Kullba
k andLeibler, 1951), in whi
h a transa
tion is viewed as a probability, and thus theIO table as a whole is viewed as a probability distribution.A re
ent development of a transa
tion-as-probability method is Lenzenet al. (2009), whose purpose is to solve 
on�i
ting 
onstraints, and whi
hworks by �rst running an RAS-like method adjusting only transa
tions, andthen, when no further improvement 
an be performed, by adjusting the 
on-straints. This adjustment is additive and proportional to the produ
t ofthat 
onstraints' initial un
ertainty and its 
urrent in
onsisten
y. One 
har-a
teristi
 of this method, whi
h follows from the transa
tion-as-probabilityapproa
h, is that there is no way to use information on the relative un-
ertainty of the transa
tions in the adjustment pro
ess (sin
e it makes no3



sense to talk about the un
ertainty of a probability). In fa
t, there is notheoreti
al sound te
hnique to re
on
ile 
onstraints in su
h a 
ase, althougha 
ombination of entropy maximization for the unknowns and least square(LS) minimization for the 
onstraints has been proposed (Lieu et al., 1987;Lieu and Hi
ks, 1994).But there are alternative formulations to entropy maximization (Ja
ksonand Murray, 2004) and one su
h popular approa
h is least square (LS) mini-mization. Rampa (2008) presents a subje
tive weighted LS method, in whi
hthe un
ertainty of ea
h 
onstraint is used as a weight, and the pra
titionershould spe
ify subje
tively the un
ertainty of 
onstraints for whi
h no base-line information is available. This paper introdu
es an important 
on
eptinto the problem of IO estimation: the idea of a topologi
al 
onstraint, thatlinks the numeri
al 
onstraint and the aggregated transa
tions, in su
h away that both 
an be adjusted simultaneously. The topologi
al 
onstraintsare rows of an aggregation matrix, whi
h 
an have an arbitrary shape - asopposed to stri
t row and 
olumn sums or more 
omplex intermediary 
ases(Gil
hrist and Louis, 2004).The 
hoi
e of the weights and un
ertainties in Rampa (2008) is arbitrary.We 
onsider that there should be some s
ope for the pra
titioner to use hisknowledge about the quality of the data, but also that his dis
retion shouldbe bounded by plausibility, and a set of standard assumptions should beprovided, for the use of the less skilled IO pra
titioner.As Rampa (2008) shows, LS minimization is a se
ond order Taylor ap-proximation to the maximum entropy maximization and, therefore, its resultsshould not be very di�erent from RAS. However, in LS the obje
tive fun
tionis symmetri
 around the initial guess, and thus there is no guarantee of signpreservation, an issue that is addressed by Junius and Oosterhaven (2003)in the 
ontext of biproportional methods. Another di�eren
e is that LS isdire
t while RAS is an iterative method.In this paper we shall 
ontribute to this literature by providing a methodto 
ompile an IO table that 
an take into a

ount in
onsistent priors, aggre-gations of arbitrary shape and that uses the un
ertainty of the sour
e datato re
on
ile 
on�i
ting information.2.2 Approa
hA

ording to the Bayesian paradigm, a probability is a degree of belief aboutthe likelihood of an event, and should re�e
t all relevant available informationabout that event (Lee, 1989). Therefore, an unknown probability distributionshould be assumed to have the minimum information (or maximum entropy)that is 
onsistent with the available information (Jaynes, 1983). The en-4



tropy of a dis
rete probability distribution {pi}Ni=1 is H = −
∑N

i=1 pi ln pi,and the available information in our 
ase takes the form of the j-th mo-ment of the distribution ∑N

i=1 i
jpi = Mj . If a prior probability distribution

{p̃i}Ni=1 is available, then the posterior probability distribution is obtained byminimizing relative entropy H =
∑N

i=1 pi ln pi/ ln p̃i, subje
t to the availableinformation in the form j-th moments,∑N

i=1 i
jpi = Mj , through the methodof Lagrange multipliers (Shannon, 1948).Entropy maximization is familiar in IO analysis. However, what is per-haps not so familiar is the 
ontext in whi
h we shall apply maximum entropy.Following Weise and Woger (1992) we shall treat every entry in an IO table,whi
h represents an e
onomi
 transa
tion, as a non-negative random variablewhose expe
tation is the best guess and whose standard-deviation is the un-
ertainty. This is di�erent from the standard approa
h in whi
h a transa
tionis a probability and the whole IO table is a probability distribution.Transa
tions are 
onne
ted to one another through topologi
al 
onstraints,or equations that state how transa
tions sum up. In a Bayesian 
ontext, thenumeri
al 
onstraints of biproportional methods (row and 
olumn sums) arejust like other transa
tions, that 
an be naturally adjusted (if we so wish).All input data to the estimation problem 
onsist in the properties (expe
-tation and standard-variation) of the prior distribution of the transa
tions(if they are known) and the aggregation rules of the topologi
al 
onstraints.The prior distribution of the set of transa
tions is obtained using additional
onsiderations. Re
all that a

ording to the Bayesian paradigm all relevantinformation should be used, and the stru
ture of the system under 
onsid-eration may also be relevant information. An invarian
e 
onsideration isa method to make use of information that does not 
onform to the MEPparadigm.We brie�y look at Jaynes' solution to the Bertrand paradox to show howinvarian
e 
onsiderations work. Consider an equilateral triangle ins
ribed ina 
ir
le. Suppose that a 
hord of the 
ir
le is 
hosen at random. What is theprobability that the 
hord is longer than a side of the triangle? This questionposes a paradox be
ause there are di�erent ways of 
hosing a 
hord at ran-dom, leading to di�erent distributions. Jaynes (1973) solved this paradox bynoting that the in the original problem there is no referen
e to the positionor size of the 
ir
le, and thus the resulting distribution should be invariantto the res
aling or displa
ement of the 
ir
le. Imposing invarian
e solves theparadox, leading to a unique solution.In the 
ontext of IO analysis, geometri
 transformations do not makesense, sin
e we are not dealing with spatial obje
ts. However, it makessense to talk about the information quality of the data. In the table update5



problem, for example, the initial guess from the previous year is of lowerquality than the row and 
olumn sums, whi
h are known for the 
urrentyear. The table update itself is a transformation of the data, in whi
h thetopologi
al transa
tions in
orporate information from the initial best guesses.In order to determine the missing priors we 
onsider that data of higherinformation quality should remain una�e
ted if 
ombined with data of lowerinformation quality in the topologi
al 
onstraints.3 The maximum entropy prin
iple3.1 The prior distributionAssume that all the information we possess about a nonnegative IO quantity
T (an aggregate e
onomi
 transa
tion), is that it takes values in the range
[0, tmax], and we may know or not its best guess, µ, and its un
ertainty, σ. Ina Bayesian framework (Weise and Woger, 1992), T is a random variable, withprobability density p(t) = Pr(T = t), whose best guess is the expe
tation,
m = E(T ), and whose un
ertainty is the standard deviation, su
h that s2 =
Var(T ) = E(T 2)− E(T )2. We use the notation E(f(T )) =

∫∞

0
f(t)p(t)dt.The Maximum Entropy Prin
iple (Jaynes, 1983), states that the posteriordistribution of T , p(t), is obtained by maximizing the di�erential entropy ofthe distribution subje
t to the prior distribution, p̃(t), and to the known
onstraints:

H = −
∫ tmax

0

p(t)
ln p(t)

ln p̃(t)
dt+ λ0(E(1)− 1)+ (3.1)

λ1(E(T )−m) + λ2

(

E(T 2)− E(T )2 − s2
)

.The �rst term in the right hand side of Eq. 3.1 is the di�erential entropy ofthe unknown distribution. We assume the prior distribution p̃(t) is uniformlydistributed in the range [0, tmax]. The remaining terms in the right hand sideof Eq. 3.1 are the set of known 
onstraints: the zero-th order 
onstraint isthe normalization, the �rst order 
onstraint is the expe
ted value and these
ond order 
onstraint is the varian
e. The λ's are the respe
tive Lagrangemultipliers. Di�erentiation of Eq. 3.1 with respe
t to p(t) leads to:
0 = − ln p(t)

ln p̃(t)
− 1 + λ0 + λ1t + λ2

(

t2 − 2mt
)

. (3.2)Now let us 
onsider three 
ases. If we only know the zero-th order
onstraint, λ1 = λ2 = 0, and Eq. 3.2 leads to a uniform distribution,6



p(t) = 1/tmax. That is, the zero-th order maxent posterior is identi
al tothe prior: we have introdu
ed no information and, as expe
ted, no furtherinformation was gained.If we also know the �rst order 
onstraint, only λ2 = 0, and Eq. 3.2 leadsto a trun
ated exponential distribution, p(t) = (λe−λt)/(1 − e−λtmax). Theparameter λ is determined by m.Finally, if we also know the se
ond order 
onstraint, we need to solve thefull Eq. 3.2 and obtain a trun
ated Gaussian distribution:
p(t) =

1

Z0

1√
2πs̃2

exp

(

−(t− m̃)2

2s̃2

)

, (3.3)with the substitution 2λ2 = 1/s̃2 and λ1 − 2mλ2 = −m̃/s̃2, where Z0is an integration 
onstant. Note that sin
e this distribution is trun
ated,the Gaussian parameters m̃ and s̃2 are not the observable expe
tation andvarian
e of the distribution, m and s2.The forms of the zero-th, �rst and se
ond order maxent solutions are wellknown (Cover and Thomas, 1991) but the following observations are not.First, although the solutions of di�erent orders are qualitatively di�erent,there is a smooth transition between them. A �rst order solution for whi
h
m = tmax/2 has uniform solution, and therefore is equivalent to the zero-thorder solution. In essen
e, having an expe
tation that lies exa
tly in themiddle of the range is equivalent to not knowing that expe
tation.Now 
onsider the following expansion of Eq. 3.3, when m̃ ≪ 0 and s̃ ≪ 0:

p(t) = C1 exp

(

−(t− m̃)2

2s̃2

)

= C1 exp

(

− t

2s̃2
(2|m̃|+ t) + C2

)

≃

≃ C3 exp

(

−|m̃|
s̃2

t

)

,where the C's are arbitrary 
onstants. That is, the tail of a trun
atedGaussian tends to the exponential distribution, where |m̃|/s̃2 = 1/λ. We shallsee in a moment that m̃ and s̃2 tend to −∞ when the observable relativeun
ertainty, u = s/m, is large. Therefore, if we know the varian
e butthe relative un
ertainty is large, we are in a similar position to that of notknowing the varian
e.As a se
ond observation, note that if the prior is from a lower order, theposterior has the order 
orresponding to the order of the 
onstraints. Forexample, if the prior is �rst order and we know the se
ond order 
onstraint,then the posterior is also se
ond order. When we deal with the full estimationproblem, at least some of the priors involved will be of se
ond order, and thuswill all posteriors. 7



In the remainder of the paper, we assume that tmax ≫ m+s, and thereforethe �rst order solution is well approximated by an exponential distributionand the se
ond order by a Gaussian distribution trun
ated at 0. If tmax >
m + 24s this approximation is a

urate. We also saw above that in thelimit of a �high� relative un
ertainty, the bounded Gaussian 
ollapses to anexponential. The exponential distribution with parameter λ has expe
tedvalue 1/λ and varian
e 1/λ2, and therefore u = 1, whi
h is the upper boundof the relative un
ertainty of the trun
ated Gaussian. The lower bound is
u = 0, whi
h o

urs when there is no un
ertainty.We now des
ribe how the Gaussian parameters m̃ and s̃ are 
onne
tedto the observables m and s. There is no 
losed form analyti
al expressionto 
onne
t these quantities (Tallis, 1961) but in the Appendix we presentnumeri
al expressions that 
onvert observables to parameters and parametersto observables with an error of less than 0.5%, in the whole range.Assume that T andX are random variables whose probability distributionis given by Eq. 3.3, and that T is trun
ated at 0 while X is not. Assume that
m is �xed, and let the value of u, the relative un
ertainty, vary. If u < 0.3,then almost all the probability mass of X stays in the positive range, andthe observables are similar to the parameters, m̃ ∼ m and s̃ ∼ s. That is, if
u is low, both distributions are similar. If u > 0.3, then the parameter meanbe
omes in
reasingly smaller than the observable, m̃ < m, and if u & 0.75the parameter mean be
omes negative, m̃ < 0, implying that the probabilitydensity p(t) is no longer peaked and be
omes monotoni
ally de
reasing. If
u ∼ 1, then m̃ ≪ 0 and, as expe
ted, m̃/s̃2 ∼ −m.The previous analysis, in terms of observable relative un
ertainty u 
anbe inverted, and we 
an see how observables depend on parameters, as afun
tion of parameter relative un
ertainty ũ = m̃/s̃ (note that the numer-ator and denominator are reversed, if 
ompared to observable relative un-
ertainty). If ũ > 3 both distributions are similar. If ũ < 0 the trun
atedGaussian be
omes single peaked. If ũ < −7, the trun
ated Gaussian be
omesapproximately exponential, at an observable relative un
ertainty of u ∼ 0.98.If the 
ase of the Gaussian distribution without trun
ation, the medianis m and the range (m − s,m + s) 
ontains 67% of probability mass. Inthe 
ase of the exponential distribution, the median is ln(2)m and the range
(m − s,m + s) 
ontains 86% of probability mass. The trun
ated Gaussiandistribution takes values between these extremes, depending on u. Keepingthese values in mind, we shall refer to m and s as best guess and un
ertaintyof the unknown distribution T .The relationship between parameters and observables 
an be examinedvisually. In Figure 1 we look at the shape of the probability density p(t),as a fun
tion of u. In Figures 2-3 we 
an see, respe
tively, the shape of the8



fun
tions of the observables as a fun
tion of the parameters and vi
e-versa.3.2 The posterior distributionIn Se
tion 3.1 we have found the properties of a positively valued 
ontinu-ous maxent distribution with, at best, known expe
ted value and standard-deviation. We shall assume that the priors of the IO estimation pro
esssatisfy these 
onditions, and that the 
ovarian
e of ea
h pair of priors is alsoknown, and shall use relevant partial information to obtain the posteriordistributions.We 
onsider that the prior transa
tions are the 
omponents of an nT -dimensional trun
ated multivariate normally distributed random variable, t̃with probability density p̃, observable mean ve
tor µ and observable 
ovari-an
e matrix Σ, where σjj = σ2
j is the varian
e and σjk = σkj . Likewise, theposterior transa
tions are the 
omponents of an nT -dimensional trun
atedmultivariate normally distributed random variable, t with probability den-sity p, observable mean ve
tor m and observable 
ovarian
e matrix S, where

sjj = s2j is the varian
e and sjk = skj. We de�ne µ̃, Σ̃, m̃ and S̃ as theparameters of the 
orresponding normal distributions without trun
ation.Furthermore, we 
onsider that there is a total of nK topologi
al 
on-straints, summarized in an aggregation matrix G that satis�es:
Gt+ k = 0, (3.4)where t (the ve
tor of posteriors) and k (the ve
tor of numeri
al 
on-straints) are 
olumn ve
tors of length nT and nK and every entry Gij iseither 1 or −1 if the 
onstraint i aggregates transa
tion j or 0 otherwise.Let (G+) = max{0,G} and (G−) = max{0,−G}, su
h that G = (G+)−

(G−). and let gi, g+
i and g−

i be, respe
tively, the i-th row of G, (G+) and
(G−). We 
onsider that, as inputs to the problem, every topologi
al g+

i has atleast two nonzero entries and that g+
i has at most one nonzero entry. That is,ea
h topologi
al 
onstraint 
onne
ts multiple disaggregate transa
tions andan aggregate transa
tion and/or a numeri
al 
onstraint.The numeri
al 
onstraints are random variables with known best guessand un
ertainty that are not allowed to be adjusted by the maximum en-tropy method. Unless stated otherwise, in the remainder of Se
tion 3.2 anyexpression with subs
ript i is valid in the range i = 1, . . . , nK and every ex-pression with subs
ript j is valid in the range j = 1, . . . , nT . All the partialinformation to be used in the estimation method is summarized in G, µ, Σand m̄ and s̄2, where the latter two are the ve
tors of the best guess and vari-9



an
e of the numeri
al 
onstraints. In Se
tion 3.3 we introdu
e the 
on
eptof information hierar
hy and 
larify the role of the numeri
al 
onstraints.A topologi
al transa
tion i states that a partial sum of the 
omponentsof the jointly distributed posterior subtra
ted to another su
h partial summust be identi
al to the numeri
al 
onstraint: (g+
i )

′t − (g−
i )

′t + ki = 0,where ′ denotes transpose and unless stated otherwise ve
tors are in 
olumnformat. If the three random variables thus de�ned (numeri
al 
onstraint andboth positive and negative aggregations) are identi
al, their �rst and se
ondmoments must also be identi
al.The expe
tation of a sum of random variables is identi
al to the sum ofthe expe
tations, E((g+
i )

′t − (g−
i )

′t + ki) = E((g+
i )

′t) − E((g−
i )

′t) + E(ki).Therefore, (g+
i )

′m− (g−
i )

′m+ m̄i = 0 or, more 
on
isely:
0 = Gm+ m̄. (3.5)The varian
e of a sum of 
orrelated random variables implies a sum overall terms of the 
ovarian
e matrix, Var((g+

i )
′t− (g−

i )
′t+ ki) = Var((g+

i )
′t)+

Var((g−
i )

′t)+Var(ki). Therefore, (g+
i )

′Sg+
i − (g−

i )
′Sg−

i + s̄2i = 0. Noti
e thatthe numeri
al 
onstraint must be independent of the unknown transa
tions.If diag denotes the main diagonal of a matrix, the se
ond order 
onstraint is:
0 = diag (GS|G|′) + s̄2. (3.6)Noti
e that the 
ovarian
e matrix is multiplied on one side by the aggre-gation matrix and on the other side by the (transpose of) the module of theaggregation matrix. This is ne
essary be
ause ea
h topologi
al 
onstraintrepresents the di�eren
e of two sums, the positive and the negative aggre-gations. It is also worth noti
ing that there are only 
ovarian
es betweentwo positive or two negatively aggregated transa
tions. That is, sjk 6= 0 onlyif transa
tions j and k are aggregated by at least one transa
tion i. It is
onvenient to de�ne G∗

ijk = 0 if Gij > 0 and Gik > 0 or Gij < 0 and Gik < 0,or G∗
ijk = 0 otherwise.We introdu
e the information about the �rst two moments into the Hamil-tonian of the system in s
alar form as:

10



H = −
∫ ∞

0

dtp(t)
ln p(t)

ln p̃(t)
+ λ

(
∫ ∞

0

dtp(t)− 1

)

+ (3.7)
+

nK
∑

i=1

αi

(

nT
∑

j=1

Gij

∫ ∞

0

dtp(t)tj + m̄i

)

+

nK
∑

i=1

β̃i

(

nT
∑

j=1

Gij

∫ ∞

0

dtp(t)(tj −mj)
2+

+ 2

nT
∑

j=1

j−1
∑

k=1

G∗
ijk

∫ ∞

0

dtp(t)(tj −mj)(tk −mk) + s̄2i

)

.In Eq. 3.7 the expression ∫∞

0
dt is a shorthand for the produ
t∏nT

j=1

∫∞

0
dtj.The �rst term in Eq. 3.7 
ontains the entropy of all unknown distributions,the se
ond term 
ontains the normalization 
onstraint, the third term 
on-tains the best guess 
onstraints, and the fourth term the un
ertainty 
on-straints. Note that mj is the marginal expe
tation of Tj, itself de�ned as

mj =
∫∞

0
tjp(t)dt. The λ, α's and β̃'s are, respe
tively, the Lagrange multi-pliers of the normalization, best guess and un
ertainty 
onstraints. Deriva-tion of Eq. 3.7 with respe
t to p(t), yields:
0 =− (ln p(t) + 1)

1

ln p̃(t)
+ λ+

nT
∑

j=1

(

nK
∑

i=1

Gijαi

)

tj+

+

nT
∑

j=1

((

nK
∑

i=1

Gijβ̃i

)

(

t2j − 2tjmj

)

)

+

+

nT
∑

j=1

j−1
∑

k=1

(

2

(

nK
∑

i=1

G∗
ijkβ̃i

)

(tjtk − tjmk − tkmj)

)

+ C.All C's in the previous or subsequent expressions denote 
onstants. Thisexpression 
an be rewritten in the form:
p(t) = p̃(t)C exp

(

nT
∑

j=1

(

nK
∑

i=1

Gijβ̃i

)

t2j +

nT
∑

j=1

j−1
∑

k=1

2

(

nK
∑

i=1

G∗
ijkβ̃i

)

tjtk+

+

nT
∑

j=1

(

nK
∑

i=1

Gijαi − 2

nT
∑

k=1

mk

(

nK
∑

i=1

G∗
ijkβ̃i

))

tj

)

.Noti
e that the exponent in the previous expression is a polynomial whose
oe�
ients are linear 
ombinations of Lagrange parameters. If the prior is a11



multivariate trun
ated Gaussian and the 
onstraints are of se
ond order, theposterior is also a trun
ated multivariate Gaussian whose probability densityis:
p(t) = C exp

(

−1

2
(̃t− m̃)′S̃−1(̃t− m̃)

)

. (3.8)The exponent of the prior and posterior probability densities 
an be ex-panded in polynomial form. In parti
ular, Eq. 3.8 be
omes:
p(t) = C1 exp

(

−
nT
∑

j=1

s̃−1
jj

2
t2j − 2

nT
∑

j=1

j−1
∑

k=1

s̃−1
jk

2
tjtk

+2

nT
∑

j=1

(

nT
∑

k=1

s̃−1
jk

2
m̃k

)

tj + C2

)

,and the polynomial expansion of the prior distribution displays a similarpattern. In the previous expression s̃−1
jk is the (i, j) entry of matrix S̃−1.An expli
it expression for the parameters of the posterior 
an be obtainedby solving expressions of the form Cpost = Cprior + C
onstraint, where ea
h
onstant is the 
oe�
ient of the 
orresponding polynomial expansion for theposterior and prior distributions and the expressions 
ontaining the Lagrangemultipliers that result from di�erentiating the Hamiltonian, Eq. 3.7. Wetherefore obtain:

S̃−1 = Σ̃
−1

+ (G+)
′β̂(G+) + (G−)

′β̂(G−); (3.9)
S̃−1m̃ = Σ̃

−1
µ̃+G′α+

(

S̃−1 − Σ̃
−1
)

m, (3.10)where we have made the substitution βi = −2β̃i and ˆ denotes a diag-onal matrix. Equations 3.9-3.10 and Eqs. 3.5-3.6 de�ne the solution of themaximum entropy problem. Note however that Eqs. 3.9-3.10 
ontain Gaus-sian parameters (denoted with )̃ and an observable on the left hand side of3.10 while Eqs. 3.5-3.6 
ontain only observables. Sin
e we are dealing withpositively distributed random variables, these quantities may di�er.The properties of the trun
ated multivariate Gaussian distribution arenot arbitrary. As in the univariate 
ase, the observable relative un
ertainty,
uj = sj/mj, is bounded by unity, 0 ≤ uj ≤ 1, and the observable best guessis stri
tly positive, mj > 0. This is in spite of the fa
t that the mean and12



varian
e of the non-trun
ated distribution 
an take any value. When therelative un
ertainty is high, the mean of the non-trun
ated distribution liesdeep in the negative range, m̃j ≃ −∞.If the relative un
ertainty of the pair of transa
tions (j,k) is small, thenthe probability isoquants in the positive (j,k)-hyperquadrant are ellipses,that 
an be stret
hed in any dire
tion, and therefore the 
orrelation, rjk =
sjk/sjsk, 
an take any value in the range −1 < rjk < 1. However, if therelative un
ertainty of either of the transa
tions is high, then the isoquant isan ellipse seen from a long distan
e, i.e., a straight line. This means that the
orrelation is itself bounded, rmin < rjk < rmax, and in the limit 
ase in whi
hone of the transa
tions has unitary observable relative un
ertainty, uj = 1or uk = 1, then the transa
tions must be un
orrelated, rjk = 0. Therefore,if only �rst order information is known about a parti
ular transa
tion (itsbest guess), then the prior of that transa
tion must be un
orrelated with allother transa
tion.3.3 Information hierar
hyConsider that we know all priors and that no topologi
al 
onstraint has anasso
iated numeri
al 
onstraint. That is, k = 0. Consider also that there is ahierar
hy of information quality, su
h that among the nT transa
tions thereare L levels of information quality, and the data are indexed by in
reasinginformation quality. That is, all points in the range (nh−1 + 1, nh) haveinformation quality of level h, where n0 = 0 and nL = nT .A hierar
hy of information quality arises naturally in the 
ompilation ofIO tables. In the 
onventional table update problem the row and 
olumnsums have higher quality than the previous year estimate. Data 
olle
tedfrom a national statisti
al o�
e is likely to have higher quality than datapro
essed by an international organization. And so forth.The information hierar
hy is distin
t from the un
ertainty level and morefundamental. We believe that in the presen
e of two priors of di�erent infor-mation quality, the one of highest quality must be 
onsidered, irrespe
tive ofthe un
ertainty values of either one. That is to say, in the presen
e of higherquality information, the lower quality one is irrelevant.We 
an formulate the general prin
iple that the estimation method shouldbe invariant to the in
orporation of irrelevant information. The ve
tor ofnumeri
al 
onstraints introdu
ed in Se
tion 3.2 is a tool to operationalize thisprin
iple: higher information data is held �xed while we try to re
on
ile lowerinformation data. If there is no solution be
ause the numeri
al 
onstraintsare in
onsistent, we relax the following information level.13



We look for a 
onsistent solution of information quality h, by holding�xed all data points i > nh, and therefore:
µ̄i =

nT
∑

j=nh+1

Gijµj; (3.11)
σ̄2
i =

nT
∑

j=nh+1

Gijσ
2
j + 2

nT
∑

j=nh+1

j
∑

k=1

G∗
ijkσjσkρjk+ (3.12)

+ 2

nT
∑

j=nh+1

nh
∑

k=1

G∗
ijkσjσkρjk.Noti
e that not only 
ovarian
e σjk where (j, k) > nh is held �xed, but
ovarian
e σjk where j > nh and k ≤ nh is also held �xed. Sin
e only the �rst

nh transa
tions are being adjusted and the dimension of all relevant ve
torsand matri
es must be trun
ated from nT to nh. Below the highest informationlevel (L) there may be no solution, due to higher order in
onsisten
ies. Thelevel of information quality must be in
reased until a solution is found.Moving along the information hierar
hy means disaggregating the sys-tem, and thus potentially altering its topologi
al stru
ture. In Se
tion 3.2we 
onsidered that an entry of matrix G 
an be 0, 1 or −1. If aggregation ispossible, as is now the 
ase, then an entry 
an take any positive or negativeinteger value. This does not pose any problem, the pra
titioner only needsto ensure that at every information level all topologi
al 
onstraints aggre-gate two or more positive transa
tions and one negative transa
tion and/ornumeri
al 
onstraint.To determine whether a solution of a given information level exists, itis ne
essary to �nd the topologi
al 
onstraints imposed on the numeri
al
onstraints and to 
he
k if they are satis�ed. One way to address this problemis to perform an LU fa
torization to the aggregation matrix G (Golub andVan Loan, 1996):
G = PLUQ,where P and Q are (row and 
olumn) permutation matri
es, L is a lowertriangular matrix and U is an upper trapezoidal matrix. That is, matrix Uis triangular, and if its rank is nR, with nR < nK , then the �rst nR entriesalong the main diagonal are full and its last nK − nR rows are empty. If weintrodu
e the LU fa
torization in Eq. 3.4:14



UQt = −L−1P−1k.The permutation matrix and the lower triangular matrix are easy to invertsin
e they are both sparse. Let L−1

∗ be the last nK − nR rows of L−1. Thesystem is 
onsistent at information h if, at that level,
L−1

∗ P−1k < |ǫ|,where ǫ is the 
uto� value (typi
ally the lowest nonzero sour
e data point).If the system is in
onsistent it is ne
essary to move one information level up.If it is 
onsistent, now let L∗−1 and U∗ be the �rst nR rows of L−1 and U,and apply the following substitutions:
G := U∗Q;

k := L∗−1P−1k.On
e the lowest 
onsistent information level has been determined it ispossible to determine the best guess and un
ertainty of the posterior distri-bution.4 Numeri
al 
onsiderations4.1 Posterior best guessThere is no analyti
al expli
it solution to the maximum entropy problem(Eqs. 3.5-3.6 and Eqs 3.9-3.10). The di�
ulties lie in the absen
e of ananalyti
al 
onversion from the multivariate trun
ated parameters to observ-ables (Horra
e, 2005; Sharples and Pezzey, 2004), the need to invert matri
es(Raveh, 1985) and the presen
e of the posterior best guess ve
tor in the righthand side of Eq. 3.10. Fortunately, for pra
ti
al purposes these di�
ulties
an be 
ir
umvented. We now present a simple numeri
al approximationsfor the best guess posteriors.Let us examine the limit 
ases of the general solution of the posteriorbest guess. Using the results of Se
tion 3.1, if all data points have a smallrelative un
ertainty (u < 0.3), we 
an treat all parameters as observables.Under these 
onditions, Eq. 3.10 simpli�es to:
m = µ+ΣG′α. (4.1)15



Combining Eq. 4.1 and Eq. 3.5 we determine the best guess Lagrangeparameters as the solution of:
(GΣG′)α = − (Gµ+ m̄) . (4.2)Equations 4.1-4.2 represent a generalized least square (LS) solution, whi
his rigorous when relative un
ertainties are moderately small.Now 
onsider the opposite limit 
ase, in whi
h only �rst order informationis available, that is, all prior best guesses are known but no un
ertainty isavailable. In this 
ase, the relative un
ertainty is unitary and the posteriorsare independent and exponentially distributed. The expression for best guessposteriors is:

m−1 = µ−1 −G′α.where m−1 and µ−1 are ve
tors whose entry j is, respe
tively, 1/mj and
1/µj. We assume that the displa
ement dmj = mj−µj is small, |dmj| ≪ |µj|and apply a �rst order Taylor expansion to the inverse of the best guess,
1/(µj+dmj) ≃ 1/µj−dmj/µ

2
j . Introdu
ing this substitution in the previousexpression yields:
m = µ+ µ̂2G′α,where ˆ denotes a diagonal matrix. This last expression is identi
al toEq. 4.1 but under the simpli�ed 
ir
umstan
es of the exponential limit,namely that σj = µj and σjk = 0 if j 6= k. It is interesting that in bothlimit 
ases a similar and simple solution was obtained. In this limit 
ase,however, the solution is only an approximation.A more general situation in whi
h Eqs. 4.1-4.2 are valid is when theparameter 
ovarian
es do not 
hange, S̃ = Σ̃, be
ause in that 
ase then thelast term in the right hand side of Eq. 3.10 disappears. If the magnitude ofall best guess Lagrange parameters, α, is small, the generalized LS solutionapplies.We 
onsider that, in general, se
ond order information is of lower qualitythan �rst order information and we therefore assume that when the param-eter best guess is adjusted by Eq. 3.10, µ̃j 6= m̃j , the parameter un
ertaintyis already adjusted by Eq. 3.9, σ̃j = s̃j .It is worth noti
ing that if the observable best guess 
hanges, µj 6= mj ,even if the parameter un
ertainty is �xed, σ̃j = s̃j , then the observable16



un
ertainty also 
hanges, σj 6= sj . Let uj = sj/mj and νj = σj/µj be theposterior and prior observable relative un
erainties. We found that in theabsen
e of 
orrelations the following expression is a good approximation tothe posterior observable absolute un
ertainty:
sj = σj

(

(

1− ν2
j

)

+
mj

µj

(

ν2
j

)

)

. (4.3)When the prior relative un
ertainty is low, then the prior and posteriorabsolute un
ertainty are 
lose. When the prior relative un
ertainty is high,then the prior and posterior relative un
ertainty are 
lose. Eq. 4.3, likeEq. 4.1, is only valid in a small range of α.We studied numeri
ally the behaviour of Eq. 3.10 in the absen
e of 
orre-lations and when the parameter un
ertainties are �xed, whi
h in s
alar formis:
m̃j = µ̃j + σ̃2

jαj,where αj =
∑nK

i=1Gijαi. We determined the range of αj in whi
h Eq. 4.1and Eq. 4.3 would be a

urate within an error margin of 1%. That is, wedetermined |αj | for whi
h (mj − m∗
j )/µj < 0.01 and (uj − u∗

j)/νj < 0.01,where mj and uj are determined using Eq. 4.1 and Eq. 4.3 and m∗
j and

u∗
j are determined using Eq. 3.10. Noti
e that we want to take observablearguments and re
eive observable solutions, and that the analyti
al solutioninvolves making 
onversions to and from parameters.We found that the upper bound of 1% error is minorated by the empiri
alfun
tion |αj | < α∗/µj, where:

α∗ =







0.63763(νj)
−2.0900 if 0.01 ≤ νj < 0.05

0.033131(νj)
−3.0758 if 0.05 ≤ νj < 0.7

0.1 0.07 ≤ νj < 0.99
(4.4)The displa
ement bound is narrow when the relative un
ertainty is high.Noti
e also that Eqs. 4.4-4.3 are only a

urate if 
orrelations are zero. Due tothe la
k of a better alternative we suggest the use of the previous expressionseven in the presen
e of 
orrelations. However, we have seen at the end ofSe
tion 3.2 that not all potential 
orrelation values are admissible. If theun
ertainties are adjusted and the 
orrelations are not, it may happen thana 
orrelation moves outside the valid range. In Se
tion Se
tion 4.3 we addressthis problem. 17



4.2 Posterior un
ertaintyWe now obtain a numeri
al approximation for the posterior 
ovarian
es. Itis 
onvenient to expresss the latter in terms of un
ertainties and 
orrela-tions. That is, sjk = rjksjsk, where rjk is the 
orrelation between j and k.
rjj = 1 and rjk = rkj, so the posterior 
orrelations 
an be arranged in thesymmetri
al matrix R, whose main diagonal 
ontains only 1's and whose
(j, k) entry is rjk, su
h that −1 ≤ rjk ≤ 1. Prior 
orrelations are ρjk andthe prior 
orrelation matrix is P. For the moment 
onsider that parameterand observable values are identi
al (the limit of low relative un
ertainties).Substituting 
orrelations in Eq. 3.9 leads to:

ŝ−1R−1ŝ−1 = σ̂−1P−1σ̂−1 + (G+)
′β̂(G+) + (G−)

′β̂(G−).The expli
it 
al
ulation of inverse matri
es is highly undesirable. Let
ŝRŝ = σ̂R∗σ̂. If the adjustment dR = R∗−P is small, ||dR|| ≪ ||P|| and a�rst order Taylor expansion is a

eptable. Let P = I−A and re
all that theexpansion of the inverse of the 
orrelation matrix is P−1 = I+A+A2 + . . .Under these 
ir
umstan
es, the approximation is:

(P+ dR)−1 = P−1 −P−1dRP−1.Substituting this Expression in Eq. 3.9 yields:
R∗ = P− F#

(

Pσ̂∗(G+)
′β̂(G+)σ̂

∗
P
) (4.5)

− F#
(

Pσ̂∗(G−)
′β̂(G−)σ̂

∗P
)

,where (for the time being) σ∗
j = σj , F is the �lter matrix and # isthe Hadamard produ
t. The �lter matrix was introdu
ed to a

ount forthe sensitivity of di�erent entries of the 
ovarian
e matrix to the Lagrangemultipliers. The varian
es 
an be freely adjusted and so Fjj = 1. Correlation

(j, k) 
an only be adjusted if there is some topologi
al 
onstraint i thataggregates transa
tions j and k. Therefore, if G∗
ijk = 0 for all i then Fjk = 0.If G∗

ijk 6= 0 for some i and j 6= k, then Fjk = 1.Another limit situation that is easy to explore is when there are no 
or-relations. In this 
ase, Eq. 3.9 be
omes, in s
alar form:
1

s̃2j
=

1

σ̃2
j

+ βj ,18



where βj =
∑nK

i=1Gijβi. We dis
overed that the following fun
tion is agood approximation of the previous expression, linking the posterior observ-able un
ertainty dire
tly to the Lagrange parameter:
1

s2j
=

1

σ2
j

+ f(νj)βj ,whi
h 
an in turn be linearized, leading to:
sj = σj

√

1− σ2
j f(νj)βj, (4.6)where:

f(νj) =

{

1 if νj < 1/
√
2√

2νj if νj ≥ 1
√
2

(4.7)Noti
e that the above expressions are only a fun
tion of observables,and not of Gaussian parameters. When relative un
ertainty is low, Eq. 4.6be
omes sj = σj

√

1− σ2
jβj, whi
h is the s
alar form of Eq. 4.5 in the absen
eof 
orrelations. When relative un
ertainty is high, the displa
ement indu
edby the Lagrange parameter is higher. We suggest to 
ombine the numeri
alsolutions when 
orrelations are small, Eq. 4.6, and when relative un
ertaintiesare low, Eq. 4.5, by setting the term σ∗

j in the latter expression as:
σ∗
j = σjf(νj). (4.8)Combining Eq. 4.5 and Eq. 3.6 we the determine the un
ertainty Lagrangeparameters as the solution of:

Bβ = −
(

ŝ2 + diag (GΣ|G|′)
)

, (4.9)where:
B = (G(F#Σ∗)(G+)

′)# (|G|(F#Σ∗)(G+)
′)

+ (G(F#Σ∗)(G−)
′)# (|G|(F#Σ∗)(G−)

′) .In the previous expression σ∗
jk = σjρjkσ

∗
k. On
e Eqs. 4.5-4.9 have beensolved, the posterior un
ertainties and 
orrelations are obtained as as si =19



σi

√

r∗ii, and rij = r∗ijσiσj/(sisj). Noti
e that this new 
orrelation may beoutside the valid range and need to be adjusted.In parti
ular, |r∗ii − rii| < 1 be
ause otherwise the varian
e of i 
ouldbe
ome negative. Sin
e Eq. 4.6 is only a lo
al approximation, the ve
tor ofLagrange parameters should be shortened until the displa
ement is small,
|r∗ii − rii| < δ, and the least square minimization is valid at every step.4.3 Correlation boundsWe now address the properties of the 
orrelations. We studied the numeri
albehaviour of the bivariate trun
ated Gaussian distribution of transa
tions jand k. We dis
overed that the upper and lower bounds for the 
orrelation,
rmax and rmin, are not a�e
ted by the ratio of the best guesses, mj/mk, andthat they are symmetri
 fun
tions of the relative un
ertainties (rmax, rmax) =
f(uj, uk) = f(uk, uj). The limit 
ases are f(uj, 0) = (1, 1) and f(uj, 1) =
(0, 0), that is, if a relative un
ertainty is zero, then the bounds are unitary,and if a relative un
ertainty is unitary, then the bounds are zero.The isoquants of the bounds are of the form un

j + un
k = 1, where n isa fun
tion of rmax or rmin. If we move along the identity line in the planeof relative un
ertainties, uj = uk, then rmin ≃ −1 if uj < 0.6, and then
onverges smoothly to rmin = 0 if uj = 1 passing through rmin = −0.5 if

uj = 0.7, rmin = −0.3 if uj = 0.8 and rmin = −0.15, uj = 0.9. The upperbound 
onverges more abruptly, dropping from rmax ≃ 1 if uj < 0.95 to
rmax = 0 if uj = 1. Note that this is the behaviour for the bivariate. In thegeneral multivariate 
ase, the situation is more 
omplex. The presen
e of athird transa
tion of non-trun
ated Gaussian distribution does not a�e
t thepossible range of 
orrelations between the �rst two. It is well known that amarginal multivariate Gaussian distribution is also Gaussian. If this thirdtransa
tion is exponentially distributed, however, the valid 
orrelation rangeis redu
ed be
ause a higher proportion of probability mass is 
on
entrated
lose to the origin.We suggest the rule rmax = 1 and:

rmin =
√

1− ν2
j

√

1− ν2
k . (4.10)The previous expression has the qualitative behaviour required, althoughthe pre
ise shape is not a

urate. We sugges that, if at some point rjk > rmaxthen rjk := rmax and rjk < rmin then rjk := rmin.The suggested rule Eq. 4.10 
orre
tly addresses this limit 
ases of low andunitary un
ertainty. In the intermediate region of high but less than unitaryrelative un
ertainty, the rule is a qualitative approximation.20



4.4 Numeri
al implementationIn this Se
tion we have presented numeri
al approximations for the generalsolution of the posterior best guess, the posterior 
ovarian
es, and 
orrelationbounds. In the general solution, the best guess and Lagrange parameters,
(α,β), should be determined simultaneously. In our numeri
al approxima-tion they are determined sequentially, in alternate steps. We 
onsider thatse
ond order information is of lower quality than �rst order information, andthat higher order in
onsisten
ies should not a�e
t the results if lower order in-formation is 
onsistent. Therefore, we 
onsider that β should be determined,su
h that the se
ond order information is well adjusted, while the observablebest guesses are held �xed, m = µ, before ea
h step in α is taken, in whi
h
ase the best guesses are adjusted. At every step it must be 
he
ked if the
orrelations are within the reasonable bounds.We 
onsider the implementation of the more general and a

urate method,MEP1, we shall also 
onsider two simpli�
ations, MEP2 and MEP3.To summarize, in MEP1 we sequentially alternate two pro
esses. Un-
ertainties and 
orrelations are adjusted iteratively using Eqs. 4.5 and 4.9,where Eq. 4.8 and Eq. 4.7 determine σ∗, and 
orrelations are adjusted byEq. 4.10 if ne
essary, su
h that at every step |r∗ii − rii| < δ. On
e the se
ondorder data is 
onsistent, the best guesses are adjusted using Eqs. 4.1 and 4.2,taking a single step within the range Eq. 4.4 and the un
ertainty is updatedusing 4.3 and 
orrelations adjusted if ne
essary, using Eq. 4.10.In MEP2 the update of un
ertainties is performed in a single step, inbetween the iterative update of best guesses.In MEP3 we avoid iterations altogether and pro
eed in three steps: up-date β in a single step, update α in a single step, and �nally readjust β.4.5 Comparison with other methodsAt this stage it is interesting to 
ompare the numeri
al Bayesian methoddes
ribed above with similar expressions found in the literature.Rampa (2008) suggested the subje
tive weighted least square (SWLS)method, valid when there are priors for both the best guess and un
ertainty:

m = µ− σ̂2G′
(

Gσ̂2G′
)−1

(Gµ) .This is the solution of Eqs. 4.1-4.2 when the 
ovarian
e matrix Σ is re-pla
ed by the diagonal matrix of varian
es, σ̂2. That is, using this methodvarian
es are 
onsidered but 
orrelations are not. For the sake of 
ompari-21



son, the ordinary least square (OLS) method 
orresponds to the situation inwhi
h all weights are identi
al and Σ is repla
ed by I.The SWLS di�ers from the MEP solution in two di�erent aspe
ts. First, itdoes not 
onsider an information hierar
hy, but all transa
tions are adjustedsimultaneously. In our Bayesian approa
h, a higher quality data point isadjusted only if it is not possible to re
on
ile lower quality data. Se
ond,the weights are subje
tive and 
an be freely 
hosen by the pra
titioner. Inour Bayesian approa
h, the relative un
ertainty is bound by 0 < u < 1 and
an be obtained from empiri
al patterns, whi
h may be helpful for the lessskilled pra
titioner.On the RAS side, although a large number of formulations is available(Stromman, 2009), to our knowledge there is none that in
orporates theun
ertainty of transa
tions. The re
ently proposed method KRAS (Lenzenet al., 2009) in
orporates the un
ertainty of numeri
al 
onstraints (i.e., IOrow and 
olumn sums). With minor adjustments, Equations 13 and 23 ofthat arti
le be
ome:
mj = µj

nK
∏

i=1

r
Gij

i ;

m̄k+1
i = m̄k

i + aǫki σi.The �rst expression is the 
onventional RAS algorithm, whi
h is multi-pli
ative in nature, while the LS methods are additive. If the displa
ementis small there is no di�eren
e between the two approa
hes but if the dis-pla
ement is large, in the LS methods the 
ost fun
tion is linearly symmetri
around the initial guess while in the RAS method it is log symmetri
. Thes
aling parameters ri's are determined iteratively, by minimizing the error atiteration k, ǫk = Gmk + m̄k. The initial numeri
al 
onstraints are m̄0
i = µ̄iand they are adjusted if the errors do not 
onverge to zero. Parameter ashould be 
hosen by the user.This method introdu
es a two tier information hierar
hy, be
ause thenumeri
al 
onstraints are adjusted less frequently than transa
tions. Thetransa
tions are all multipli
atively adjusted with the same weight, and thenumeri
al 
onstraints are adjusted additively, with the un
ertainty as weight,and not the varian
e as is the 
ase in LS methods.We shall 
ompare these four methods (OLS, SWLS, RAS and KRAS)against the MEP approximations in Se
tion ??.
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5 Con
lusionsIn this paper we presented a Bayesian estimation method for IO Analysis,that 
an re
on
ile possibly 
on�i
ting data of arbitrary form, taking intoa

ount the un
ertainty and the information hierar
hy of the sour
e data. Westudied several theoreti
al and numeri
al properties of the appli
ation of themaximum entropy prin
iple in this 
ontext, whose solution is a multivariatetrun
ated Gaussian distribution.The numeri
al implementation takes the form of a generalized least squares(LS) method, but if some data points have high relative un
ertainty themethod must be applied iteratively, su
h that displa
ements are small. When
ompared to 
onventional methods (either biproportional or LS), the pro-posed Bayesian method o�ers some additional 
omplexity. However, theposteriors obtained by the Bayesian method have the property that dataof higher un
ertainty is proportionately more adjusted than in 
onventionalmethods.The work reported in this paper is self-su�
ient if we are interested inobtaining a detailed IO table for a referen
e year, and priors are available forall entries. This happens, to some extent, in the 
ompilation of the GTAPdatabase. However, if priors are missing, if we wish to determine the un
er-tainty of multipliers or to interpolate time-series data, other 
onsiderationsare required.A AppendixA.1 Conversion of trun
ated Gaussian parametersLet T be a trun
ated Gaussian distribution, T > 0, with Gaussian parameters
m̃ and s̃ and observables m and s (best guess and un
ertainty).Let X ∼ N(m̃, s̃) be a non-trun
ated normally distributed random vari-able with the same parameters as T , and let Y ∼ N(0, 1) be the standardnormal distribution, whose probability density fun
tion is:

φ(y) = Pr(Y = y) =
1√
2π

e−
y2

2 . (A.1)The probability of the non-trun
ated and standard normal distributionsare linked as Pr(X = x) = φ ((x− m̃)/s̃) /s̃. Let Zn =
∫∞

y=−ũ
ynφ(y)dy,where ũ = m̃/s̃. Using these expressions, the �rst three moments of T are asfollows. 23



E(T 0) =
1

Z0

∫ ∞

x=0

Pr(X = x)dx =
1

Z0

∫ ∞

y=−ũ

φ(y)dy (A.2)
=

Z0

Z0

= 1.From the normalization 
ondition A.2 we �nd that indeed Z0 is the 
orre
tnormalization 
onstant of 3.3.
m = E(T 1) =

1

Z0

∫ ∞

x=0

xPr(X = x)dx (A.3)
=

1

Z0

∫ ∞

y=−ũ

(s̃y + m̃)φ(y)dy = s̃
Z1

Z0
+ m̃

Z0

Z0We see that the expe
ted value of T is the expe
ted value of the non-trun
ated distribution plus an additional term.
s2 = E(T 2)− E(T 1)2 =

1

Z0

∫ ∞

x=0

x2 Pr(X = x)dx− E(T 1)2 (A.4)
=

1

Z0

∫ ∞

y=−ũ

(s̃2y2 − s̃m̃y + m̃2)φ(y)dy − E(T 1)2

= s̃2
Z2

Z0

+ 2s̃m̃
Z1

Z0

+ m̃2Z0

Z0

− (s̃2
Z2

1

Z2
0

+ 2m̃s̃
Z1

Z0

+ m̃2)

= s̃2
(

Z2

Z0
− Z2

1

Z2
0

)

.The varian
e of T is the produ
t of the varian
e of X and an additionalterm. We have found by inspe
tion that Z2 = Z0 − ũZ1, that Z1 = φ(ũ),where φ(z) is given by Eq. A.1, and that Z0 =
(

1 + erf(ũ)/
√
2
)

/2, where
erf(ũ) is the error fun
tion. There is no analyti
al solution to Z0 but wefound the following approximation su�
ient (Abramowitz and Stegun, 1964):

Z0(ũ) =















1− φ(|ũ|)
(

∑5
i=1

czi

(1+cz
0
|ũ|)

i

) if ũ > 0

φ(|ũ|)
(

∑5
i=1

czi

(1+cz
0
|ũ|)

i

) if ũ ≤ 0
(A.5)where the 
onstants are: 24



i czi0 0.23164191 0.3193815302 - 0.3565637823 1.7814779374 - 1.8212559785 1.330274429Let us de�ne η(z̃) = Z1/Z0. This fun
tion 
an be 
omputed numeri
allyusign Eqs. A.1 and A.5, sin
e Z1 = φ(ũ). We now use Eqs. A.2-A.4 towrite expressions that give us the observables (mean and varian
e) of T asfun
tions of the parameters:
m = m̃+ s̃η(ũ); (A.6)
s = s̃

√

1− η(ũ) (η(ũ) + ũ). (A.7)Note that s̃ is always nonnegative while m̃ 
an take negative values. Theerror fun
tion, and therefore η, are numeri
ally ina

urate if ũ << 0. Thus,we use Eqs. A.6-A.7 only if ũ > −2.95, and otherwise use the approximations:
m =

s̃2

m̃

(

−1 + 1.97777 (1− u) + 6.8 (1− u)2
)

; (A.8)
s = mu; (A.9)
u =

(

1− 0.014172
(

ũ+
√
16.8 + ũ2

)2
)

. (A.10)Let us de�ne u = s/m. We are now interested in expressing the param-eters as a fun
tions of the observables. Sin
e we do not have an analyti
alexpression of the inverse of η(ũ), we had to sear
h for numeri
al approxima-tions and found that the following expressions have an absolute error of lessthan 0.5% in the range 0 < u < 1. If u ≤ 0.3, the 
onversion fun
tions arede�ned as:
m̃ = m;

s̃ = s.If 0.3 < u ≤ 0.8, the 
onversion fun
tions are:25



m̃ = mgtpm(u);

s̃ =
s

√

gtps (u)
.Finally, if u > 0.8 we have:

m̃ = mgtpm(u);

s̃ = −s
gtpm(u)

√

gtpm(u)g
tp
r (u)

.The 
onversion fun
tions are:
gtpm(u) = 1− 1

1− u
e−(1−u)(cm4 +cm

3
|u−cm

1
|c
m
2 ) +

cg3
cg2
φ

(

u− cg1
cg2

)

; (A.11)
gtps (u) = (1− u)

cs3
cs2
φ

(

u− cs1
cs2

)

; (A.12)
gtpr (u) = (1− u)

cr3
cr2
φ

(

u− cr1
cr2

)

− 1. (A.13)In the previous expressions φ(z) is given by Eq. A.1 and the parameters
c∗i are reported in the following table:

i cmi cgi csi cri1 0.937492 0.468838 0.546626 0.831792 1.78863 0.118555 0.439319 0.6172513 7.13173 0.00235939 1.83447 6.38364 5.42261The set of Eqs. A.6-A.9 and A.11-A.13 allow the 
onversion from obser-vables to parameters and vi
e-versa, keeping the error below 0.5%.
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