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Abstract

At the heart of a CGE model lies an input-output (I0) model, i.e.,
the set of transactions taking place in the economy in the base-line
year. For example, the GTAP 7 database consists, to some extent, to a
large mult-regional IO model for the year 2004. The compilation of this
large data set has to deal with the problem of reconciling potentially
inconsistent data. Currently this procedure is performed using simple
simple methods (RAS or least square minimization) and a good deal of
expert knowledge. In this paper we derive a Bayesian method to obtain
a consistent and fully determined set of posteriors when the priors are
inconsistent and there is a set of known topological constraints of arbi-
trary structure. The expression relating priors (inconsistent data) and
posteriors (reconciled data) is obtained by the application of the max-
imum entropy principle and its properties are discussed. In general,
the posteriors form a vector of multivariate truncated Gaussian ran-
dom variables. This distribution approaches the Gaussian distribution
in the limit of low uncertainty and the exponential distribution in the
limit of high uncertainty. Using invariance considerations we derive a
numerical iterative implementation that takes the form of a generalized
least squares method. We present a real application (60x60 symmetric
IO table) to illustrate the behavior of the method and to compare its
performance against conventional methods. The numerical implemen-
tation is slightly more complex than conventional methods. However,
the adjustment from prior to posterior is more strongly correlated to
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the initial uncertainty of the data points in the Bayesian method. If
the data set is large, it is necessary to store data and perform algebra
in sparse format.

KEYWORDS: Input-Output (IO) Analysis; Bayesian approach; maxi-
mum entropy principle (MEP); conflicting data; uncertainty; truncated Gaus-
sian distribution.

1 Introduction

Input-Output (IO) Analysis is the field that deals with the compilation of
macro-economic transaction data in IO tables, and the use of those tables
to compute indirect effects such changes in employment or carbon emissions
embodied in final consumption (Miller and Blair, 2009).

In the compilation of an 1O table it is often the case that, for a particular
element, there is only partial information in the form of row and column sums
and the value of that element in a previous year. Many methods exist for
the IO estimation problem, such as the biproportional or least-squares fam-
ilies (Mesnard, 2004). Within this subject, there has been recent attention
devoted to the problem of reconciling conflicting constraints (Lenzen et al.,
2009; Rampa, 2008). These problems are usually addressed by taking into
account only the best (available) guess of a given value, and not its uncer-
tainty. The uncertainty of source data is sometimes but not often reported
in 1O analysis (Lenzen, 2001; Lenzen et al., 2010; Oosterhaven et al., 2008).

The goal of the present paper is to contribute to this literature by present-
ing a method that can reconcile inconsistent entries in an IO table, taking
into account conflicting information of arbitrary form and the uncertainty of
the source data. We achieve this goal by taking a Bayesian approach (Jaynes,
1983) to uncertainty in 10 analysis (Weise and Woger, 1992).

The elements of an 1O table are aggregate economic transactions, non-
negative quantities of which a best guess and an associated uncertainty are
known. Under these conditions, the Maximum Entropy Principle (MEP) of
Jaynes (1957) imposes that IO transactions are random variables of truncated
Gaussian distribution. In a Bayesian context, the problem of reconciling con-
flicting constraints is addressed by applying the MEP to all 1O transactions,
which are connected by topological constraints (row and column sums). We
discuss the connection between the Bayesian approach and the conventional
biproportional (RAS) and least square (LS) methods, which can also be de-
rived using the MEP. The reconciliation algorithm we propose turns out to
combine features of the recently proposed KRAS (Lenzen et al., 2009) and
SWLS (Rampa, 2008) methods. We make use of invariance considerations



(Jaynes, 1973) to derive the sequence in which the MEP algorithm is applied.
After deriving the Bayesian theory of the reconciliation of conflicting data we
present a simplified computational algorithm, and illustrate its application
to a national 60x60 symmetric 10 table.

The structure of the paper is as follows. In Section 2 we review current
methods for 10 estimation and present the background Bayesian theory. In
Section 3 we derive the Bayesian theory of 10 uncertainty. In Section 4 we
report the numerical algorithms to determine the posteriors (reconciliation
of conflicting constraints). In Section 5 we present examples, to illustrate the
proposed methods and to compare them with conventional methods. Section
6 concludes. An Appendix reports useful numerical approximations for the
truncated Gaussian distribution.

2 Review

2.1 Estimation in IO Analysis

Estimation occurs in IO Analysis under different circumstances, of which the
most thoroughly explored, is the case of known numerical constraints (row
and column sums for the current year) and an initial guess (from a previous
year) for the economic transaction.

The most popular strategy to address this problem is the use of bipro-
portional methods in which the original matrix is iteratively multiplied by
a left and a right perturbation diagonal matrices, until the row and column
sums are satisfied. The first such technique to be used in IO analysis was the
RAS method (Stone et al., 1942), which has been extended in many ways,
as reviewed in Lahr and Mesnard (2004). An important step was taken by
Bacharach (1970), which noted hat RAS is the solution of a maximum en-
tropy (MEP) problem, the minimization of relative entropy (Kullback and
Leibler, 1951), in which a transaction is viewed as a probability, and thus the
IO table as a whole is viewed as a probability distribution.

A recent development of a transaction-as-probability method is Lenzen
et al. (2009), whose purpose is to solve conflicting constraints, and which
works by first running an RAS-like method adjusting only transactions, and
then, when no further improvement can be performed, by adjusting the con-
straints. This adjustment is additive and proportional to the product of
that constraints’ initial uncertainty and its current inconsistency. One char-
acteristic of this method, which follows from the transaction-as-probability
approach, is that there is no way to use information on the relative un-
certainty of the transactions in the adjustment process (since it makes no



sense to talk about the uncertainty of a probability). In fact, there is no
theoretical sound technique to reconcile constraints in such a case, although
a combination of entropy maximization for the unknowns and least square
(LS) minimization for the constraints has been proposed (Lieu et al., 1987;
Lieu and Hicks, 1994).

But there are alternative formulations to entropy maximization (Jackson
and Murray, 2004) and one such popular approach is least square (LS) mini-
mization. Rampa (2008) presents a subjective weighted LS method, in which
the uncertainty of each constraint is used as a weight, and the practitioner
should specify subjectively the uncertainty of constraints for which no base-
line information is available. This paper introduces an important concept
into the problem of IO estimation: the idea of a topological constraint, that
links the numerical constraint and the aggregated transactions, in such a
way that both can be adjusted simultaneously. The topological constraints
are rows of an aggregation matrix, which can have an arbitrary shape - as
opposed to strict row and column sums or more complex intermediary cases
(Gilchrist and Louis, 2004).

The choice of the weights and uncertainties in Rampa (2008) is arbitrary.
We consider that there should be some scope for the practitioner to use his
knowledge about the quality of the data, but also that his discretion should
be bounded by plausibility, and a set of standard assumptions should be
provided, for the use of the less skilled IO practitioner.

As Rampa (2008) shows, LS minimization is a second order Taylor ap-
proximation to the maximum entropy maximization and, therefore, its results
should not be very different from RAS. However, in LS the objective function
is symmetric around the initial guess, and thus there is no guarantee of sign
preservation, an issue that is addressed by Junius and Oosterhaven (2003)
in the context of biproportional methods. Another difference is that LS is
direct while RAS is an iterative method.

In this paper we shall contribute to this literature by providing a method
to compile an 1O table that can take into account inconsistent priors, aggre-
gations of arbitrary shape and that uses the uncertainty of the source data
to reconcile conflicting information.

2.2 Approach

According to the Bayesian paradigm, a probability is a degree of belief about
the likelihood of an event, and should reflect all relevant available information
about that event (Lee, 1989). Therefore, an unknown probability distribution
should be assumed to have the minimum information (or maximum entropy)
that is consistent with the available information (Jaynes, 1983). The en-
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tropy of a discrete probability distribution {p;}Y, is H = —Zi]\ilpi In p;,
and the available information in our case takes the form of the j-th mo-
ment of the distribution Zfil #/p; = M;. If a prior probability distribution
{p:}V, is available, then the posterior probability distribution is obtained by
minimizing relative entropy H = vazl piInp;/Inp;, subject to the available
information in the form j-th moments, ZZ]\LI #/p; = M;, through the method
of Lagrange multipliers (Shannon, 1948).

Entropy maximization is familiar in IO analysis. However, what is per-
haps not so familiar is the context in which we shall apply maximum entropy.
Following Weise and Woger (1992) we shall treat every entry in an 1O table,
which represents an economic transaction, as a non-negative random variable
whose expectation is the best guess and whose standard-deviation is the un-
certainty. This is different from the standard approach in which a transaction
is a probability and the whole 1O table is a probability distribution.

Transactions are connected to one another through topological constraints,
or equations that state how transactions sum up. In a Bayesian context, the
numerical constraints of biproportional methods (row and column sums) are
just like other transactions, that can be naturally adjusted (if we so wish).

All input data to the estimation problem consist in the properties (expec-
tation and standard-variation) of the prior distribution of the transactions
(if they are known) and the aggregation rules of the topological constraints.
The prior distribution of the set of transactions is obtained using additional
considerations. Recall that according to the Bayesian paradigm all relevant
information should be used, and the structure of the system under consid-
eration may also be relevant information. An invariance consideration is
a method to make use of information that does not conform to the MEP
paradigm.

We briefly look at Jaynes’ solution to the Bertrand paradox to show how
invariance considerations work. Consider an equilateral triangle inscribed in
a circle. Suppose that a chord of the circle is chosen at random. What is the
probability that the chord is longer than a side of the triangle? This question
poses a paradox because there are different ways of chosing a chord at ran-
dom, leading to different distributions. Jaynes (1973) solved this paradox by
noting that the in the original problem there is no reference to the position
or size of the circle, and thus the resulting distribution should be invariant
to the rescaling or displacement of the circle. Imposing invariance solves the
paradox, leading to a unique solution.

In the context of IO analysis, geometric transformations do not make
sense, since we are not dealing with spatial objects. However, it makes
sense to talk about the information quality of the data. In the table update



problem, for example, the initial guess from the previous year is of lower
quality than the row and column sums, which are known for the current
year. The table update itself is a transformation of the data, in which the
topological transactions incorporate information from the initial best guesses.
In order to determine the missing priors we consider that data of higher
information quality should remain unaffected if combined with data of lower
information quality in the topological constraints.

3 The maximum entropy principle

3.1 The prior distribution

Assume that all the information we possess about a nonnegative 10 quantity
T (an aggregate economic transaction), is that it takes values in the range
0, tmax ], and we may know or not its best guess, u, and its uncertainty, o. In
a Bayesian framework (Weise and Woger, 1992), T" is a random variable, with
probability density p(t) = Pr(T = t), whose best guess is the expectation,
m = E(T), and whose uncertainty is the standard deviation, such that s? =
Var(T) = E(T?) — E(T)?. We use the notation E(f(T)) = [;° f(t)p(t)dt.

The Maximum Entropy Principle (Jaynes, 1983), states that the posterior
distribution of T', p(t), is obtained by maximizing the differential entropy of
the distribution subject to the prior distribution, p(¢), and to the known
constraints:

H=— /0 maxp(t)iiggdt +o(E(1) — 1)+ (3.1)

M(E(T) —m) + X (E(T?) — E(T)* — s%) .

The first term in the right hand side of Eq. 3.1 is the differential entropy of
the unknown distribution. We assume the prior distribution p(¢) is uniformly
distributed in the range [0, tyax]. The remaining terms in the right hand side
of Eq. 3.1 are the set of known constraints: the zero-th order constraint is
the normalization, the first order constraint is the expected value and the
second order constraint is the variance. The \’s are the respective Lagrange
multipliers. Differentiation of Eq. 3.1 with respect to p(t) leads to:

In p(?) 2
=— — 14+ Xo+ At + Ao (7 —2mt) . 3.2
0 + Ao + A1t + o ( mt) (3.2)
Now let us consider three cases. If we only know the zero-th order
constraint, Ay = Ay = 0, and Eq. 3.2 leads to a uniform distribution,
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p(t) = 1/tmax. That is, the zero-th order maxent posterior is identical to
the prior: we have introduced no information and, as expected, no further
information was gained.

If we also know the first order constraint, only Ay = 0, and Eq. 3.2 leads
to a truncated exponential distribution, p(t) = (Ae=*)/(1 — e max). The
parameter \ is determined by m.

Finally, if we also know the second order constraint, we need to solve the
full Eq. 3.2 and obtain a truncated Gaussian distribution:

1 1 (t —m)?
p(t) = Zo Vo exp (—T) ; (3.3)

with the substitution 2)\y = 1/5% and A\; — 2mA\y, = —m/5%, where Z,
is an integration constant. Note that since this distribution is truncated,
the Gaussian parameters m and 32 are not the observable expectation and
variance of the distribution, m and s2.

The forms of the zero-th, first and second order maxent solutions are well
known (Cover and Thomas, 1991) but the following observations are not.
First, although the solutions of different orders are qualitatively different,
there is a smooth transition between them. A first order solution for which
m = tmax/2 has uniform solution, and therefore is equivalent to the zero-th
order solution. In essence, having an expectation that lies exactly in the
middle of the range is equivalent to not knowing that expectation.

Now consider the following expansion of Eq. 3.3, when m < 0 and § < 0:

p(t) = Crexp (_M) _ CLexp (_ t

252 252

~ (C5exp (—|T§Z|t) ,

where the C’s are arbitrary constants. That is, the tail of a truncated
Gaussian tends to the exponential distribution, where |m|/3* = 1/X. We shall
see in a moment that /m and 32 tend to —oo when the observable relative
uncertainty, u = s/m, is large. Therefore, if we know the variance but
the relative uncertainty is large, we are in a similar position to that of not
knowing the variance.

As a second observation, note that if the prior is from a lower order, the
posterior has the order corresponding to the order of the constraints. For
example, if the prior is first order and we know the second order constraint,
then the posterior is also second order. When we deal with the full estimation
problem, at least some of the priors involved will be of second order, and thus
will all posteriors.

(2|m| +1t) + CQ) ~




In the remainder of the paper, we assume that t,,,, > m+s, and therefore
the first order solution is well approximated by an exponential distribution
and the second order by a Gaussian distribution truncated at 0. If ¢, >
m + 24s this approximation is accurate. We also saw above that in the
limit of a “high” relative uncertainty, the bounded Gaussian collapses to an
exponential. The exponential distribution with parameter \ has expected
value 1/X and variance 1/\?, and therefore u = 1, which is the upper bound
of the relative uncertainty of the truncated Gaussian. The lower bound is
u = 0, which occurs when there is no uncertainty.

We now describe how the Gaussian parameters m and § are connected
to the observables m and s. There is no closed form analytical expression
to connect these quantities (Tallis, 1961) but in the Appendix we present
numerical expressions that convert observables to parameters and parameters
to observables with an error of less than 0.5%, in the whole range.

Assume that T"and X are random variables whose probability distribution
is given by Eq. 3.3, and that T is truncated at 0 while X is not. Assume that
m is fixed, and let the value of u, the relative uncertainty, vary. If u < 0.3,
then almost all the probability mass of X stays in the positive range, and
the observables are similar to the parameters, m ~ m and § ~ s. That is, if
u is low, both distributions are similar. If u > 0.3, then the parameter mean
becomes increasingly smaller than the observable, m < m, and if u = 0.75
the parameter mean becomes negative, m < 0, implying that the probability
density p(t) is no longer peaked and becomes monotonically decreasing. If
u ~ 1, then m < 0 and, as expected, m /5% ~ —m.

The previous analysis, in terms of observable relative uncertainty u can
be inverted, and we can see how observables depend on parameters, as a
function of parameter relative uncertainty @ = m/§ (note that the numer-
ator and denominator are reversed, if compared to observable relative un-
certainty). If 4 > 3 both distributions are similar. If & < 0 the truncated
Gaussian becomes single peaked. If 4 < —7, the truncated Gaussian becomes
approximately exponential, at an observable relative uncertainty of u ~ 0.98.

If the case of the Gaussian distribution without truncation, the median
is m and the range (m — s,m + s) contains 67% of probability mass. In
the case of the exponential distribution, the median is In(2)m and the range
(m — s,m + s) contains 86% of probability mass. The truncated Gaussian
distribution takes values between these extremes, depending on u. Keeping
these values in mind, we shall refer to m and s as best guess and uncertainty
of the unknown distribution 7.

The relationship between parameters and observables can be examined
visually. In Figure 1 we look at the shape of the probability density p(t),
as a function of u. In Figures 2-3 we can see, respectively, the shape of the



functions of the observables as a function of the parameters and vice-versa.

3.2 The posterior distribution

In Section 3.1 we have found the properties of a positively valued continu-
ous maxent distribution with, at best, known expected value and standard-
deviation. We shall assume that the priors of the IO estimation process
satisfy these conditions, and that the covariance of each pair of priors is also
known, and shall use relevant partial information to obtain the posterior
distributions.

We consider that the prior transactions are the components of an np-
dimensional truncated multivariate normally distributed random variable, t
with probability density p, observable mean vector g and observable covari-
ance matrix X, where 0;; = 0]2 is the variance and o, = oy;. Likewise, the
posterior transactions are the components of an np-dimensional truncated
multivariate normally distributed random variable, t with probability den-
sity p, observable mean vector m and observable covariance matrix S, where
55 3 is the variance and sj; = si;. We define f, f], m and S as the
parameters of the corresponding normal distributions without truncation.

Furthermore, we consider that there is a total of ngx topological con-
straints, summarized in an aggregation matriz G that satisfies:

= S

Gt+k=0, (3.4)

where t (the vector of posteriors) and k (the vector of numerical con-
straints) are column vectors of length ny and ng and every entry Gy; is
either 1 or —1 if the constraint ¢ aggregates transaction j or 0 otherwise.

Let (G;) = max{0,G} and (G_) = max{0, —G}, such that G = (G, ) —
(G_). and let g;, g and g; be, respectively, the i-th row of G, (G, ) and
(G_). We consider that, as inputs to the problem, every topological g has at
least two nonzero entries and that g;” has at most one nonzero entry. That is,
each topological constraint connects multiple disaggregate transactions and
an aggregate transaction and/or a numerical constraint.

The numerical constraints are random variables with known best guess
and uncertainty that are not allowed to be adjusted by the maximum en-
tropy method. Unless stated otherwise, in the remainder of Section 3.2 any
expression with subscript ¢ is valid in the range ¢ = 1,...,nx and every ex-
pression with subscript j is valid in the range 7 = 1,...,ny. All the partial
information to be used in the estimation method is summarized in G, u, 3
and m and 52, where the latter two are the vectors of the best guess and vari-



ance of the numerical constraints. In Section 3.3 we introduce the concept
of information hierarchy and clarify the role of the numerical constraints.

A topological transaction i states that a partial sum of the components
of the jointly distributed posterior subtracted to another such partial sum
must be identical to the numerical constraint: (g)'t — (g;)'t + k; = 0,
where ’ denotes transpose and unless stated otherwise vectors are in column
format. If the three random variables thus defined (numerical constraint and
both positive and negative aggregations) are identical, their first and second
moments must also be identical.

The expectation of a sum of random variables is identical to the sum of
the expectations, B((g} )"t — (g )'t + k) = B((g])'t) — E((g)'t) + E(k,).
Therefore, (g )'m — (g;)'m + m; = 0 or, more concisely:

0=Gm + m. (3.5)

The variance of a sum of correlated random variables implies a sum over
all terms of the covariance matrix, Var((g;")'t — (g; )t + k;) = Var((g;")'t) +
Var((g; )'t) + Var(k;). Therefore, (g )'Sg;" — (g; )'Sg; +57 = 0. Notice that
the numerical constraint must be independent of the unknown transactions.
If diag denotes the main diagonal of a matrix, the second order constraint is:

0 = diag (GS|G]) + 8% (3.6)

Notice that the covariance matrix is multiplied on one side by the aggre-
gation matrix and on the other side by the (transpose of) the module of the
aggregation matrix. This is necessary because each topological constraint
represents the difference of two sums, the positive and the negative aggre-
gations. It is also worth noticing that there are only covariances between
two positive or two negatively aggregated transactions. That is, s;; # 0 only
if transactions j and k are aggregated by at least one transaction 7. It is
convenient to define G;}k =0if Gj; > 0 and Gy, > 0 or Gy; < 0 and Gy, < 0,
or G7; = 0 otherwise.

We introduce the information about the first two moments into the Hamil-

tonian of the system in scalar form as:
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H=— /OOO dtp(t)ln]f(t> +A (/OOO dtp(t) — 1) + (3.7)

Inp(t)
-3 o (ZGW | aemter +m>+2m (Z o [ (et —myy
+2ZTZGW/ dtp( )(tj—mj)(tk—mk)+s§>.

In Eq. 3.7 the expression fo dt is a shorthand for the product H] 1 Jo di.
The first term in Eq. 3.7 contains the entropy of all unknown dlstrlbutlons
the second term contains the normalization constraint, the third term con-
tains the best guess constraints, and the fourth term the uncertainty con-
straints. Note that m; is the marginal expectation of T}, itself defined as

fo t;p(t)dt. The A, o’s and 6 s are, respectively, the Lagrange multi-
phers of the norrnahzatlon, best guess and uncertainty constraints. Deriva-

tion of Eq. 3.7 with respect to p(t), yields:

T nK
<Z Gijai> tj+
=1 i=1

+ nZT <<nZK ngﬁz) (t? - 2tjmj)> +
+ ii (2 <Z G ) (it — tmy — tkmj)> +C.

j=1 k=1

0=—(Inp(t) + 1)111;(’5)

All C’s in the previous or subsequent expressions denote constants. This
expression can be rewritten in the form:

p(t) = p(t)C exp (Z (Z G”ﬁz> £+ XT: 2 (Z Gib ) titit

$(Gengn Eo)))

Notice that the exponent in the previous expression is a polynomial whose
coefficients are linear combinations of Lagrange parameters. If the prior is a
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multivariate truncated Gaussian and the constraints are of second order, the
posterior is also a truncated multivariate Gaussian whose probability density
is:

p(t) = Cexp (—%(E —m)ySE - m)) . (3.8)

The exponent of the prior and posterior probability densities can be ex-
panded in polynomial form. In particular, Eq. 3.8 becomes:

nry ~—1 ny j—1 ~—1
p(t):CleXp< Z %ij. tQ—ZZZ ——tt
Jj=1 j=1 k=1

nr ~—1
+QZ (Z —mk> tj + CQ) y
j=1

and the polynomial expansion of the prior distribution displays a similar
pattern. In the previous expression §]7k1 is the (i,7) entry of matrix S,
An explicit expression for the parameters of the posterior can be obtained
by solving expressions of the form Cpost = Cprior + Ceonstraint, Where each
constant is the coefficient of the corresponding polynomial expansion for the
posterior and prior distributions and the expressions containing the Lagrange
multipliers that result from differentiating the Hamiltonian, Eq. 3.7. We
therefore obtain:

~ ~ 1 ~
STT=% +(G)B(G}) + (G )B(G); (3.9)
Sm=3% i+ Ga+t (s 1 1) (3.10)
where we have made the substitution 8; = —283; and "~ denotes a diag-

onal matrix. Equations 3.9-3.10 and Eqs. 3.5-3.6 define the solution of the
maximum entropy problem. Note however that Eqs. 3.9-3.10 contain Gaus-
sian parameters (denoted with 7) and an observable on the left hand side of
3.10 while Eqgs. 3.5-3.6 contain only observables. Since we are dealing with
positively distributed random variables, these quantities may differ.

The properties of the truncated multivariate Gaussian distribution are
not arbitrary. As in the univariate case, the observable relative uncertainty,
u; = s;/m;, is bounded by unity, 0 < u; < 1, and the observable best guess
is strictly positive, m; > 0. This is in spite of the fact that the mean and
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variance of the non-truncated distribution can take any value. When the
relative uncertainty is high, the mean of the non-truncated distribution lies
deep in the negative range, m; ~ —oo0.

If the relative uncertainty of the pair of transactions (j,k) is small, then
the probability isoquants in the positive (j,k)-hyperquadrant are ellipses,
that can be stretched in any direction, and therefore the correlation, r;, =
S;ji/SjSk, can take any value in the range —1 < rj;, < 1. However, if the
relative uncertainty of either of the transactions is high, then the isoquant is
an ellipse seen from a long distance, i.e., a straight line. This means that the
correlation is itself bounded, ryin < 7jr < Tmax, and in the limit case in which
one of the transactions has unitary observable relative uncertainty, u; = 1
or u, = 1, then the transactions must be uncorrelated, r;;, = 0. Therefore,
if only first order information is known about a particular transaction (its
best guess), then the prior of that transaction must be uncorrelated with all
other transaction.

3.3 Information hierarchy

Consider that we know all priors and that no topological constraint has an
associated numerical constraint. That is, k = 0. Consider also that there is a
hierarchy of information quality, such that among the ny transactions there
are L levels of information quality, and the data are indexed by increasing
information quality. That is, all points in the range (n,_; + 1,n;) have
information quality of level h, where ng = 0 and ny; = np.

A hierarchy of information quality arises naturally in the compilation of
IO tables. In the conventional table update problem the row and column
sums have higher quality than the previous year estimate. Data collected
from a national statistical office is likely to have higher quality than data
processed by an international organization. And so forth.

The information hierarchy is distinct from the uncertainty level and more
fundamental. We believe that in the presence of two priors of different infor-
mation quality, the one of highest quality must be considered, irrespective of
the uncertainty values of either one. That is to say, in the presence of higher
quality information, the lower quality one is irrelevant.

We can formulate the general principle that the estimation method should
be invariant to the incorporation of irrelevant information. The vector of
numerical constraints introduced in Section 3.2 is a tool to operationalize this
principle: higher information data is held fixed while we try to reconcile lower
information data. If there is no solution because the numerical constraints
are inconsistent, we relax the following information level.
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We look for a consistent solution of information quality A, by holding
fixed all data points ¢ > nj, and therefore:

nr
=y Gy (3.11)
Jj=np+1
nr nr J
Gl = Z Gijos +2 Z ZGE}WJ'%PJ‘H (3.12)
j=np+1 J=np+1 k=1
nr np
+ 2 Z ZG;kijjUkij-
J=np+1 k=1

Notice that not only covariance oj; where (j, k) > ny is held fixed, but
covariance oj; where j > n; and k& < ny, is also held fixed. Since only the first
ny, transactions are being adjusted and the dimension of all relevant vectors
and matrices must be truncated from ny to nj,. Below the highest information
level (L) there may be no solution, due to higher order inconsistencies. The
level of information quality must be increased until a solution is found.

Moving along the information hierarchy means disaggregating the sys-
tem, and thus potentially altering its topological structure. In Section 3.2
we considered that an entry of matrix G can be 0, 1 or —1. If aggregation is
possible, as is now the case, then an entry can take any positive or negative
integer value. This does not pose any problem, the practitioner only needs
to ensure that at every information level all topological constraints aggre-
gate two or more positive transactions and one negative transaction and/or
numerical constraint.

To determine whether a solution of a given information level exists, it
is necessary to find the topological constraints imposed on the numerical
constraints and to check if they are satisfied. One way to address this problem
is to perform an LU factorization to the aggregation matrix G (Golub and
Van Loan, 1996):

G = PLUQ,

where P and Q are (row and column) permutation matrices, L is a lower
triangular matrix and U is an upper trapezoidal matrix. That is, matrix U
is triangular, and if its rank is ng, with ng < ng, then the first ny entries
along the main diagonal are full and its last ng — nr rows are empty. If we
introduce the LU factorization in Eq. 3.4:
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UQt = L 'P 'k

The permutation matrix and the lower triangular matrix are easy to invert
since they are both sparse. Let L_! be the last ng — ny rows of L1, The
system is consistent at information A if, at that level,

L 'P 'k < e,

where € is the cutoff value (typically the lowest nonzero source data point).
If the system is inconsistent it is necessary to move one information level up.
If it is consistent, now let L*~! and U* be the first nz rows of L= and U,
and apply the following substitutions:

G =U"Q;
k:=L"'P 'k

Once the lowest consistent information level has been determined it is
possible to determine the best guess and uncertainty of the posterior distri-
bution.

4 Numerical considerations

4.1 Posterior best guess

There is no analytical explicit solution to the maximum entropy problem
(Egs. 3.5-3.6 and Eqs 3.9-3.10). The difficulties lie in the absence of an
analytical conversion from the multivariate truncated parameters to observ-
ables (Horrace, 2005; Sharples and Pezzey, 2004), the need to invert matrices
(Raveh, 1985) and the presence of the posterior best guess vector in the right
hand side of Eq. 3.10. Fortunately, for practical purposes these difficulties
can be circumvented. We now present a simple numerical approximations
for the best guess posteriors.

Let us examine the limit cases of the general solution of the posterior
best guess. Using the results of Section 3.1, if all data points have a small
relative uncertainty (u < 0.3), we can treat all parameters as observables.
Under these conditions, Eq. 3.10 simplifies to:

m=pu+ 3G a. (4.1)
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Combining Eq. 4.1 and Eq. 3.5 we determine the best guess Lagrange
parameters as the solution of:

(GEG)a=—(Gu+m). (4.2)

Equations 4.1-4.2 represent a generalized least square (LS) solution, which
is rigorous when relative uncertainties are moderately small.

Now consider the opposite limit case, in which only first order information
is available, that is, all prior best guesses are known but no uncertainty is
available. In this case, the relative uncertainty is unitary and the posteriors
are independent and exponentially distributed. The expression for best guess
posteriors is:

m!'=p'-Ga.

where m™! and p~! are vectors whose entry j is, respectively, 1/m; and
1/pj. We assume that the displacement dm; = m; — p; is small, |dm;| < ;]
and apply a first order Taylor expansion to the inverse of the best guess,
1/(pj +dmy) ~ 1/p; —dm; /3. Introducing this substitution in the previous
expression yields:

m = p+ ’Ga,

where " denotes a diagonal matrix. This last expression is identical to
Eq. 4.1 but under the simplified circumstances of the exponential limit,
namely that o; = p; and oj, = 0 if 7 # k. It is interesting that in both
limit cases a similar and simple solution was obtained. In this limit case,
however, the solution is only an approximation.

A more general situation in which Eqgs. 4.1-4.2 are valid is when the
parameter covariances do not change, S = f], because in that case then the
last term in the right hand side of Eq. 3.10 disappears. If the magnitude of
all best guess Lagrange parameters, «, is small, the generalized LS solution
applies.

We consider that, in general, second order information is of lower quality
than first order information and we therefore assume that when the param-
eter best guess is adjusted by Eq. 3.10, ji; # m;, the parameter uncertainty
is already adjusted by Eq. 3.9, 0; = 5.

It is worth noticing that if the observable best guess changes, 11; # m;,
even if the parameter uncertainty is fixed, 6; = 5;, then the observable
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uncertainty also changes, o; # s;. Let u; = s;/m; and v; = 0;/u; be the
posterior and prior observable relative uncerainties. We found that in the
absence of correlations the following expression is a good approximation to
the posterior observable absolute uncertainty:

S ((1 L (yg)) | (4.3)
Hj

When the prior relative uncertainty is low, then the prior and posterior
absolute uncertainty are close. When the prior relative uncertainty is high,
then the prior and posterior relative uncertainty are close. Eq. 4.3, like
Eq. 4.1, is only valid in a small range of a.

We studied numerically the behaviour of Eq. 3.10 in the absence of corre-
lations and when the parameter uncertainties are fixed, which in scalar form
is:

y f— ~A ~2 .
m; = fij + 05q;,

where a; = > "% G, We determined the range of a; in which Eq. 4.1
and Eq. 4.3 would be accurate within an error margin of 1%. That is, we
determined |a;| for which (m; —m})/p; < 0.01 and (u; — uj)/v; < 0.01,
where m; and wu; are determined using Eq. 4.1 and Eq. 4.3 and mj and
u; are determined using Eq. 3.10. Notice that we want to take observable
arguments and receive observable solutions, and that the analytical solution
involves making conversions to and from parameters.

We found that the upper bound of 1% error is minorated by the empirical
function || < a*/pu;, where:

0.63763(1;) 2% if 0.01 < v; < 0.05
af =< 0.033131(v;) 3078 if 0.05 < v; < 0.7 (4.4)
0.1 0.07 < v; < 0.99

The displacement bound is narrow when the relative uncertainty is high.
Notice also that Eqs. 4.4-4.3 are only accurate if correlations are zero. Due to
the lack of a better alternative we suggest the use of the previous expressions
even in the presence of correlations. However, we have seen at the end of
Section 3.2 that not all potential correlation values are admissible. If the
uncertainties are adjusted and the correlations are not, it may happen than
a correlation moves outside the valid range. In Section Section 4.3 we address
this problem.
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4.2 Posterior uncertainty

We now obtain a numerical approximation for the posterior covariances. It
is convenient to expresss the latter in terms of uncertainties and correla-
tions. That is, s;p = 1,5k, Where rj; is the correlation between j and k.
rj; = 1 and r;, = 715, so the posterior correlations can be arranged in the
symmetrical matrix R, whose main diagonal contains only 1’s and whose
(7, k) entry is rjg, such that —1 < r;, < 1. Prior correlations are p;; and
the prior correlation matrix is P. For the moment consider that parameter
and observable values are identical (the limit of low relative uncertainties).
Substituting correlations in Eq. 3.9 leads to:

$Rs =6 'Ple 4+ (GL)/B(G) + (G_)YB(G),

The explicit calculation of inverse matrices is highly undesirable. Let
sRs = 6R*o. If the adjustment dR = R* —P is small, ||[dR|| < ||P]| and a
first order Taylor expansion is acceptable. Let P =1 — A and recall that the
expansion of the inverse of the correlation matrix is P~' =T+ A + A%+ ...
Under these circumstances, the approximation is:

(P+dR)'=P '-P 'dRP "

Substituting this Expression in Eq. 3.9 yields:

R' =P F# <P&*(G+)’B(G+)&*P> (4.5)
_F# (P&*(G,YB(G,)&*P) ,

where (for the time being) of = oy, F is the filter matriz and # is
the Hadamard product. The filter matrix was introduced to account for
the sensitivity of different entries of the covariance matrix to the Lagrange
multipliers. The variances can be freely adjusted and so Fj; = 1. Correlation
(j, k) can only be adjusted if there is some topological constraint i that
aggregates transactions j and k. Therefore, if G}, = 0 for all ¢ then Fj;, = 0.
If G # 0 for some i and j # k, then Fj, = 1.

Another limit situation that is easy to explore is when there are no cor-
relations. In this case, Eq. 3.9 becomes, in scalar form:

1 1
— = = t 05,
S5 0
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where ; = Y% G;;f8;. We discovered that the following function is a
good approximation of the previous expression, linking the posterior observ-
able uncertainty directly to the Lagrange parameter:

=+ F0);

J

uc.nw| =

which can in turn be linearized, leading to:

sj = oj\/1 =07 f(v)B;, (4.6)

where:

1 ifyy < 1/V2
=4 s s (@7)

Notice that the above expressions are only a function of observables,
and not of Gaussian parameters. When relative uncertainty is low, Eq. 4.6

becomes s; = 0;4/1 — crjzﬂj, which is the scalar form of Eq. 4.5 in the absence

of correlations. When relative uncertainty is high, the displacement induced
by the Lagrange parameter is higher. We suggest to combine the numerical
solutions when correlations are small, Eq. 4.6, and when relative uncertainties

are low, Eq. 4.5, by setting the term o7 in the latter expression as:

of = 0, (). (4.8)

Combining Eq. 4.5 and Eq. 3.6 we the determine the uncertainty Lagrange
parameters as the solution of:

BS = — (8% + diag (GX|G/)) (4.9)

where:

B = (G(F#X")(G1)) # (IGI(F#Z7)(G+)')
+ (GEF#Z)(G)) # (IG|(F#XZ")(G-)") .

. . x *
In the previous expression o7, = o;p;r0;. Once Eqgs. 4.5-4.9 have been
solved, the posterior uncertainties and correlations are obtained as as s; =
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0i\/r5;, and ry; = r};0,0;/(s;s;). Notice that this new correlation may be
outside the valid range and need to be adjusted.

In particular, |r}; — ;| < 1 because otherwise the variance of ¢ could
become negative. Since Eq. 4.6 is only a local approximation, the vector of
Lagrange parameters should be shortened until the displacement is small,
|rf — ri| < 0, and the least square minimization is valid at every step.

4.3 Correlation bounds

We now address the properties of the correlations. We studied the numerical
behaviour of the bivariate truncated Gaussian distribution of transactions j
and k. We discovered that the upper and lower bounds for the correlation,
Tmax and Tmin, are not affected by the ratio of the best guesses, m;/my, and
that they are symmetric functions of the relative uncertainties (max, "'max) =
f(uj,ug) = f(ug,u;). The limit cases are f(u;,0) = (1,1) and f(u;,1) =
(0,0), that is, if a relative uncertainty is zero, then the bounds are unitary,
and if a relative uncertainty is unitary, then the bounds are zero.

The isoquants of the bounds are of the form u} + uy = 1, where n is
a function of ry.c or ry,. If we move along the identity line in the plane
of relative uncertainties, u; = wy, then ry,;, ~ —1 if u; < 0.6, and then
converges smoothly to rn;, = 0 if u; = 1 passing through ry;, = —0.5 if
uj = 0.7, rmin = —0.3 if u; = 0.8 and rpy, = —0.15, u; = 0.9. The upper
bound converges more abruptly, dropping from rp,, ~ 1 if u; < 0.95 to
rmax = 0 if u; = 1. Note that this is the behaviour for the bivariate. In the
general multivariate case, the situation is more complex. The presence of a
third transaction of non-truncated Gaussian distribution does not affect the
possible range of correlations between the first two. It is well known that a
marginal multivariate Gaussian distribution is also Gaussian. If this third
transaction is exponentially distributed, however, the valid correlation range
is reduced because a higher proportion of probability mass is concentrated
close to the origin.

We suggest the rule r. = 1 and:

Tmin = \/1_7/]2\/1—7/]3 (4:]_0)

The previous expression has the qualitative behaviour required, although
the precise shape is not accurate. We sugges that, if at some point 7,5 > 7max
then 7, := rmax and 7 < rmyi, then 7, = ryin.

The suggested rule Eq. 4.10 correctly addresses this limit cases of low and
unitary uncertainty. In the intermediate region of high but less than unitary
relative uncertainty, the rule is a qualitative approximation.
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4.4 Numerical implementation

In this Section we have presented numerical approximations for the general
solution of the posterior best guess, the posterior covariances, and correlation
bounds. In the general solution, the best guess and Lagrange parameters,
(a, 3), should be determined simultaneously. In our numerical approxima-
tion they are determined sequentially, in alternate steps. We consider that
second order information is of lower quality than first order information, and
that higher order inconsistencies should not affect the results if lower order in-
formation is consistent. Therefore, we consider that 3 should be determined,
such that the second order information is well adjusted, while the observable
best guesses are held fixed, m = u, before each step in « is taken, in which
case the best guesses are adjusted. At every step it must be checked if the
correlations are within the reasonable bounds.

We consider the implementation of the more general and accurate method,
MEP1, we shall also consider two simplifications, MEP2 and MEP3.

To summarize, in MEP1 we sequentially alternate two processes. Un-
certainties and correlations are adjusted iteratively using Eqs. 4.5 and 4.9,
where Eq. 4.8 and Eq. 4.7 determine ¢*, and correlations are adjusted by
Eq. 4.10 if necessary, such that at every step |r}; — r;| < . Once the second
order data is consistent, the best guesses are adjusted using Eqs. 4.1 and 4.2,
taking a single step within the range Eq. 4.4 and the uncertainty is updated
using 4.3 and correlations adjusted if necessary, using Eq. 4.10.

In MEP2 the update of uncertainties is performed in a single step, in
between the iterative update of best guesses.

In MEP3 we avoid iterations altogether and proceed in three steps: up-
date B in a single step, update a in a single step, and finally readjust 3.

4.5 Comparison with other methods

At this stage it is interesting to compare the numerical Bayesian method
described above with similar expressions found in the literature.

Rampa (2008) suggested the subjective weighted least square (SWLS)
method, valid when there are priors for both the best guess and uncertainty:

m = p —6°G (G6°G) " (Gp).
This is the solution of Eqs. 4.1-4.2 when the covariance matrix X is re-

placed by the diagonal matrix of variances, 2. That is, using this method
variances are considered but correlations are not. For the sake of compari-
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son, the ordinary least square (OLS) method corresponds to the situation in
which all weights are identical and X is replaced by I.

The SWLS differs from the MEP solution in two different aspects. First, it
does not consider an information hierarchy, but all transactions are adjusted
simultaneously. In our Bayesian approach, a higher quality data point is
adjusted only if it is not possible to reconcile lower quality data. Second,
the weights are subjective and can be freely chosen by the practitioner. In
our Bayesian approach, the relative uncertainty is bound by 0 < u < 1 and
can be obtained from empirical patterns, which may be helpful for the less
skilled practitioner.

On the RAS side, although a large number of formulations is available
(Stromman, 2009), to our knowledge there is none that incorporates the
uncertainty of transactions. The recently proposed method KRAS (Lenzen
et al., 2009) incorporates the uncertainty of numerical constraints (i.e., 1O
row and column sums). With minor adjustments, Equations 13 and 23 of
that article become:

ng
m; zu-HrG“'
J J i)
=1

mit = mF + acko;.

The first expression is the conventional RAS algorithm, which is multi-
plicative in nature, while the LS methods are additive. If the displacement
is small there is no difference between the two approaches but if the dis-
placement is large, in the LS methods the cost function is linearly symmetric
around the initial guess while in the RAS method it is log symmetric. The
scaling parameters r;’s are determined iteratively, by minimizing the error at
iteration k, €, = Gmy + my. The initial numerical constraints are m? = [i;
and they are adjusted if the errors do not converge to zero. Parameter a
should be chosen by the user.

This method introduces a two tier information hierarchy, because the
numerical constraints are adjusted less frequently than transactions. The
transactions are all multiplicatively adjusted with the same weight, and the
numerical constraints are adjusted additively, with the uncertainty as weight,
and not the variance as is the case in LS methods.

We shall compare these four methods (OLS, SWLS, RAS and KRAS)

against the MEP approximations in Section ?7.
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5 Conclusions

In this paper we presented a Bayesian estimation method for IO Analysis,
that can reconcile possibly conflicting data of arbitrary form, taking into
account the uncertainty and the information hierarchy of the source data. We
studied several theoretical and numerical properties of the application of the
maximum entropy principle in this context, whose solution is a multivariate
truncated Gaussian distribution.

The numerical implementation takes the form of a generalized least squares
(LS) method, but if some data points have high relative uncertainty the
method must be applied iteratively, such that displacements are small. When
compared to conventional methods (either biproportional or LS), the pro-
posed Bayesian method offers some additional complexity. However, the
posteriors obtained by the Bayesian method have the property that data
of higher uncertainty is proportionately more adjusted than in conventional
methods.

The work reported in this paper is self-sufficient if we are interested in
obtaining a detailed 1O table for a reference year, and priors are available for
all entries. This happens, to some extent, in the compilation of the GTAP
database. However, if priors are missing, if we wish to determine the uncer-
tainty of multipliers or to interpolate time-series data, other considerations
are required.

A Appendix

A.1 Conversion of truncated Gaussian parameters

Let T be a truncated Gaussian distribution, 7" > 0, with Gaussian parameters
m and § and observables m and s (best guess and uncertainty).

Let X ~ N(m,3§) be a non-truncated normally distributed random vari-
able with the same parameters as 7', and let Y ~ N(0,1) be the standard
normal distribution, whose probability density function is:

1 y?

oy) =Pr(Y =y) = me’? (A1)

The probability of the non-truncated and standard normal distributions
are linked as Pr(X = z) = ¢((x —m)/3) /5. Let Z, = [* .y ¢(y)dy,
where @ = m /3. Using these expressions, the first three moments of 7" are as
follows.
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70 =0 ZO yzfﬂ
Dy
Zy

From the normalization condition A.2 we find that indeed Zj is the correct
normalization constant of 3.3.

1 [ee]
m= E(T") = —/ rPr(X = x)dx (A.3)
[~ - Z 2o
= — sy+m dy = §— +m—-
Z y:_ﬂ( y+m)e(y)dy =5+

We see that the expected value of T is the expected value of the non-
truncated distribution plus an additional term.

1 [e.9]
s> = BE(T?) — B(T")? = 7/ 2? Pr(X = x)dv — E(T)? (A4)
0 Jz=0
1 [ . -
=7 (8%y* = smy +m?)d(y)dy — B(T")?
y=—1
A A Z 72 A
~9 L2 ~~ 41 ~ 240 ~2 4] ~ ~4] ~ 9
=222 Lozt 20 (241 4 ozt
SZOJF stO+mZO (sZng msZO+m)

=32 é_Z_lz
Zo Z2)

The variance of T' is the product of the variance of X and an additional
term. We have found by inspection that Z, = Z, — a7y, that Z; = ¢(a),
where ¢(z) is given by Eq. A.1, and that Zy = (1 + erf(@)/v2) /2, where
erf(a) is the error function. There is no analytical solution to Z; but we
found the following approximation sufficient (Abramowitz and Stegun, 1964):

L—o(lal) (20, 7= ) if @>0
Zo(il) — 1 (1+coz\u\) (A.5)
ofal) (S s ) i 4 <0

(1+cglal)

where the constants are:
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5
0.2316419
0.319381530

- 0.356563782
1.781477937

- 1.821255978

1.330274429

O i W N+~ O

Let us define n(2) = Z;/Z,. This function can be computed numerically
usign Eqgs. A.1 and A.5, since Z; = ¢(a). We now use Egs. A.2-A.4 to
write expressions that give us the observables (mean and variance) of T' as
functions of the parameters:

m = m+ sn(a); (A.6)
s = §\/1 —n(a) (n(a) +a). (A.7)
Note that s is always nonnegative while m can take negative values. The

error function, and therefore 7, are numerically inaccurate if 4 << 0. Thus,
we use Eqgs. A.6-A.7 only if 4 > —2.95, and otherwise use the approximations:

32

m = % (=14 197777 (1 — u) + 6.8 (1 — u)?) ; (A.8)
5 = mu; (A.9)

2
w= (1 —0.014172 (u + V168 1 fﬂ) ) . (A.10)

Let us define u = s/m. We are now interested in expressing the param-
eters as a functions of the observables. Since we do not have an analytical
expression of the inverse of 7(a), we had to search for numerical approxima-
tions and found that the following expressions have an absolute error of less
than 0.5% in the range 0 < u < 1. If u < 0.3, the conversion functions are
defined as:

A
I

m;
S.
If 0.3 < u < 0.8, the conversion functions are:
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gP() = (1 - u) 26 (“ _) - (A-13)
Co &)

In the previous expressions ¢(z) is given by Eq. A.1 and the parameters
c; are reported in the following table:

cr el s cl
0.937492 | 0.468838 0.546626 | 0.83179
1.78863 | 0.118555 0.439319 | 0.617251
7.13173 | 0.00235939 | 1.83447 | 6.3836

5.42261

=~ O DN = S

The set of Egs. A.6-A.9 and A.11-A.13 allow the conversion from obser-
vables to parameters and vice-versa, keeping the error below 0.5%.
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